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A Century of progress in Applied Mathematics. 
(Inaugural address as Dr. Rashbehari Ghosh Professor of 
Applied Mathematics.*) 
By блхивн PRASAD 
Introduction. 


Sir Asutosh Mookerjee and Gentlemen, —I propose to address you 
ihis evening on the nature and extent of the progress in Ápplied Mathe- 
matics during the period which intervened between the award of the 
Grand Prize of the Academy of Sciences of Paris to Joseph Fourier in 
1812 and the death of Henri Poincaré in 1919. The task that I have set 
before me is опе of great difficulty, but I shall feel satisfied її I succeed 
in inoculating some of the young mathematicians, whom I see here, 

‘with germs of thought likely to develop into important and original 
‘researches. 

For the sake of convenience, I will divide the address into two parts. 
Та part I, I will mention some typical researches relating to the logical 
foundations of Applied Mathematics from the point of view of the 
believer in the continuous theory of matter as well as from that of the 
believer in molecules. Part ІТ shall deal with the solutions ої boundary- 

- value problems. 
PART I. 
Logica FOUNDATIONS оғ APPLIED MATHEMATICS, 
Continuous Theory. 


1. I shall first consider what is commonly believed to be a simple 
and true theorem in the Dynamics of a particle. Whatis the criterion 
of the stability of equilibrium of a particle in a point (a, 5, с), the 
force-function being U (a, у, г)? According to every well-known 
text-book on Dynamics, the answer is that U must have а maximum 
at (а, b, с). But this is wrong as has been pointed out by Professor 
Painlevét who shows that, although for 


1 
U (2, y, z)zi (2° sing —y*—2*), 
(00,0) is-a position of'steyle equilibrium, U (0,0, 0) is поё а 
у maximum. | 





* This addreas was delivered at the Senate House on the 15th ої December, 1914 
Before a meeting presided over by the Hón'ble Justice Sir Asutosh Mookerjee, 0.8. Моє е 
+ Comptes Rendus, і. 138, 1904. . а. = 
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2. Let us now consider the linear flow of heat in an infinite slab, 
bounded by the impermeable faces 2 = — т and = т, and having 
its initial temperature equal to 

ос cos (18" 2) 
P варни 


о 2" 
Can we find the temperature at any point at timet? According to 
every text-book on the Сопдцобіоп of heat, the answer is that the 
required temperature is 


. оо £71 "сов 13" e 
У = = 

о 2" 
Bat, to say the least, this solution is not unobjectionable, ав was pointed 
out by mein a memoir published іп 1903." Asa matter of fact, 


5 
the initial value ої — Ato, the rate of flow of heat, becomes 


infinite at every point ої an everywhere dense aggregate. Рог this 
reason, the initial temperature may be considered to be “inadmissible ” 
and a solution impossible. 

3. I proceed to bring to your notice a remarkable discovery of 
Prof. Hilbert. The famous law of Kirchhoff about the constancy of 


--, the ratio of emission to absorption, is no doubt “proved” in some 
а 


sense in all well-known  text-books on the theory of Radiation. 
But Prof. Hilbertt has recently pointed out that the law cannot be 
proved without the пяе of integral equations. Thus, according to the 
almost indisputable authority of Hilbert, the most important law in the 

, elementary theory of Radiation remained without a proof until a few 
years ago when Prof. Hilbert proved it. 

4. Before proceeding to the discussion of the molecular theory of 
matter, І should like to mention two recent discoveries relating to the 
nature of the potential-function, (а) About ten years ago, at tbe 
suggestion of Prof. Hilbert I undertook the careful consideration of 
Riemann’s opinion, that every solution of 

"V qu 
des tA = 
pust be analytical, with the result that in 1906 I disproved* Riemann's, 


statement by constructing а solution V, for which 27 2 es d Py 





ж Abhandlungen d. Б, Gesellschaft 4. Wissenschaften su Göttingen, Bd, 9, ° 
. + Jahresbericht d, d, Маћета ут. Vereinigung, Bd. 22, 1918. 
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are discontinuous at the points of an everywhere dense aggregate 
and which, therefore, cannot be expanded by Taylor's theorem in 
any one of these points. (b) The other discovery to be mentioned 18 
due to Prof. Picardt who has shown that, contrary to the views of 
Gauss and Carl Neumann, in order that the potential-function, 
corresponding to в prescribed boundary value f (s), be expressible 
сав the logarithmic potential due to a continuous distribution on 
the boundary, the continuity of f(s) and even the existence of (в) 
do not suffice. 


Molecular Theory. 


5. At the outset, I should like to sound a note of warning. Since 
in the sequel; I shall have to criticise somewhat severely such truly 
great men as Fourier and Maxwell, I must beg you to remember 
that, ав Prof. Kleinf said оп а memorable occasion, progress in the logical 
foundations of Applied Mathematics can be made only by concentrated 
and independent thought and not by blindly following famous writers, 
whether they are of the type of Maxwell or Mach, Kirchhoff or 
Boltzmann, Fourier or Helmholtz. 


In Fourier's “ Théorie analytique de la Ohaleur" and in Maxwell's 
З Scientific Papers” there are many places where the word “ molecule” 
occurs. Shall we therefore conclude that these writers attempted to 
build up consistently any branch of Applied Mathematics on a molecular 
basis? The answer is emphatically, No. What they and a large number - 
of their imitators did was, to start with the assertion that they would 
consider matter to be made up of molecules and then to ignore these 
molecules and treat them as points. As a matter of fact, the first 
successful attempt to build up а branch of Applied Mathematics on a 
molecular basis was imade by me and the results are to be found in 
Part П of my Góttüngen memoir. I start with definite suppositions 
relating to the size, shape and oscillations of the molecules in a solid, 
and then build up a theory of the conduction of heat which is professedly 
inexact, the amount of error being capable of evaluation. As shown by 
me, the error becomes less and less as the size of the molecule is taken 
to be less and less. 

6. Another truly consistent investigation on a molecular basis has 
been recently published by Prof. Hilbert* who, by the use of integral 
аа Пра и ня нн MD 

* Mathematische Annalon, Bd. 64, 1907. f 

+ Rendiconti d. circolo matematico d. Palermo, t. 29, 1909. 

E Nachrichten d. ki Gescllahaft d. ына su Göttingen, Geschüftlioha 
Mittailungen, 1901. е 
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equations, obtains results, relating to the kinetic theory of gases, which 
are of the same character as my results. Prof. Hilbert shows that, 
starting with definite suppositions, we can deduce the various known 
Mme ems relating to gases by carrying the approximation sufficiently far. 


PART П. 
SOLUTIONS OF BOUNDARY-VALUE PROBLEMS. 


7. "This part of my address will not. take as much time as the first 
part, for the simple reason that the results are not so startling in 
character as those which I have mentioned to you. In fact, the work 
of attacking new boundary-value problems and of solving them, after 
the style of Fourier, went on аба rapid pace after the publication of 
Fourier's “Théorie analytique de Іа Ohaleur.” Thus we owe the 
determination of the stationary state of heat in an ellipsoid to Lamé and 
a large number of other important and similar results to many writers 
including Liouville and Mathieu, Green and Kelvin, Heine and Hobson. 
It is, however, worthy of notice that some problems, e.g., the determina- 
tion of the non-stationary state of heat іп ап ellipsoid, which baffled the 
efforts of Mathieu and Heine, are still unsolved. 

8. An important class of boundary-value problems have been 
recently solved by Professors Sommerfeldt and Carslawt by the use 
of Green’s functions for the equation. | 

VV +k? V =0. 

As a very interesting discovery, I mention the connection established 
by Prof. Whittaker| between integral equations and the problem of the 
non- ay state of heat in an elliptic cylinder. 


CONOLUSION. 


9. From what Í have said during the course of this address, you 
will have no difficulty in deducing two facts. First, the progress in the 
logical foundations of Applied Mathematics has been very slow. Asa 
matter of fact, there areonly & few branches of Applied Mathematics 
whose logical bases have as yet been carefully and completely explored. . 
The second fact is this: Up to a few years ago, our methods of- solving 
boundary-value problems were, generally speaking, antiquated. Let us 
hope that new branches of Pure Mathematics, e.g. the theory of func-, 
tions of real variables and the theory of integral equations, will, in the 
hands of coming generations of mathematical investigators, grow іп. 
ignportance as fit instruments for һе ‘consolidation and advancement | 
of the knowledge of Applied Mathematics. 





з Mathematische Annalen, Bà. 72, 1912. 
+ Jahresbericht d. d. Mathematiker—Vereinigung, Bü. 21, 1918, й 
1 Зее his papers in the Proc, Г. M. 8, Vola. 8 and 18; also Math. Ann. Ва. 75. ° 
Ф | Proceedings of the International Congress of Mathematicians held at Cambridge, 1912. 
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On the Modern Theory of Integration 
- BY 
W. Н. Youne. 


1. In attempting to generalise the concept of integration so ав 
to: render it applicable to functions of a somewhat general discontinuous 
type, Riemann asked himself under what circumstances the analytical 
expression whose limit expressed the integral in the case of a continuous 
function continued to have an unique -limit when the function is 
discontinuous. He stated that he did not quite completely prove the 
necessary and sufficient conditions that this should be the case. By 
fixing his attention on an analytical expression, instead of оп the 
concept itself in question, Riemann, although the step he took 
was а considerable one, іп 8 certain sense barred the way to future 
progress. It is true that he did not confine his attention to only 
bounded functions, but his treatment of the integration of even these 
functions was incomplete. Such a simple function as a bounded 
semi-continuous one has in general no integral in Riemann’s sense. 


г Jt is remarkable that Lebesgue in his presentation of his epoch- 
making work on the Theory of Integration takes like Riemann an 
analytical expression and considers the limit of it. This expression 
differs essentially in character from that of Riemann and it involves 
in its expression the concept of content of a set of points. Now this 
content is nothing more norJess than the integral of a function of the 
same general type as the function considered, except that it is a two- 
valued function. In other words Lebesgue supposes first a theory of 
integration of such functions elaborated, and then uses this theory for 
that of. the more general ‘type of function, 


In my own treatment of the subject I ‘avoid in the first instance 
any analytical expression whatsoever, and employ. considerations which 
appear to me to be the natural' extension of those which led to the 
definition of the integral of в continuous function: All turns’ on the 
use of a-method and of а principle. The method is that of regarding 
functions as generated from simple functions Бу: means ‘of monotone 

e sequences, and the principle is that¥f a function is во traced out руш 
monotone sequence of functions whose integrals have been already 
defined, we may take the limit of these integrals to be the integral 
of, the limiting function provided only this limit is fho same whatever 


the monotone sequence may be. А ., е 


Е e 
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We may if we please employ the principle only in order to define 
the integrals of semi-continuous funotions and then show that we may 
approach any function, whose integration is to be considered, from 
below by upper semi-continuous functions, and from above by lower 
semi-continuous functions. It then appears that if the given function 
is to have an integral greater than that of all smaller and less than 
that of all larger functions, it is perfectly determinate being at once 
the upper bound of the integrals of upper semi-continous functions 
less than the function, and the lower bound of the integrals of lower 
semi-continuous functions greater than the function. 


2. One of the great advantages. of the treatment here indicated. 


is that precisely the same ideas are involved equally whether the 


functions considered are functions of a single variable, or of several 
variables, and all the fundamental theories become intuitive. 


For example if f (а, y) is bounded, it is at once evident that 


Л/ 7 дава, = SJE (e, y) dy do 


both being moreover equal to 
Јер (ағар 


8. From this simple fact, we can show that Lebesgue's expression 
naturally presents itself as soon as we introduce the concept of content 
into the analytical treatment. 


Indeed if f (2) be positive 
b b f (а) 


ТЕ NE. 


Let k, be any quantity > upper bound of f (а) 


and let $,(z) denote the function of æ which is unity when К « f (є), 


and is zero elsewhere, then 


о pes б здае. 2 E 


| ў не da |а 
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of & function which — 1 


“ 


wow =f # з) de i.e. the integral 
a 


where f (а) >k and ів zero elsewhere 1.6. it is the content of the set of 
points at which f (2) > k. Now I (k) is a montone decreasing function 
of kand г. has only: а: countably infinite number of discontinuities ; 
accordingly the Riemann expression is available for 


k, 


ў І (k) dk. 


But when this has been written down we recognise that it is equivalent 
to Lebesgue's. 


4. Another advantage of the treatment adopted is that there is 
no sudden break in paesing from the theory of integration of bounded 
to that of unbounded functions. We assume for simplicity of explana- 
tion that the functions considered are all positive. Then the 
fundamental theorem in this part of the theory will be the following :— 


Theorem—1f f, € f, x... f E f be any monotone ascending 
succession of bounded functions having the unbounded function f for its imit, 
infinite values being allowed, then the limit of the integrals of the functions 
of tha succession will be independent оў the particular succession employed. 

We shall denote integrals of functions by capital letters. 

Let g, =f, wherever fon and let ў, п, where fèn. Wo thus get 


а new monotone ascending sequence g,, 9,,..9„... Whose limit is 
f. It will suffice in order to prove the theorem to show that 
L, б, = L, F, 
тео тео 
Let hysa = f. wherever f, <p and 2 = p where f.p; 
then h h s 


ul pu A pa form a monotone ascending sequence having 


9, for limit, forg,=f where f<p, and is therefore the limit of f, at 
such points, and accordingly is also the limit of Vm at such points. 
Elsewhere ^1 Й "2 . all have the value р, like g, itself, from and 


after some place. i 2 
Непсө віпсе j^ 1 F о + form Apo sequence it follows by the 
3 з к 


earlier part of the theory that 
ы І, A, = 6, 
т-->со 4 


78 | ЧУ. Н. Хома. 
and therefore, since f, > ^,,, for all values of п, we have 
Po. Ж Р de е 132% 
` т--->со “ 
But this.is true for every value of. 
Hence E 
І,. Е, > 1, 6, ...............(). 
fi—À 00 p— poo 
Again since f, is bounded we can find an integer q such. that f, <q 
everywhere. А ) 
Also ў, < ў everywhere. | 
Непсе 
У. is everywhere less than-the least of 4 and f 
їв. f. S 0, 
` - ‘Hence і у : 
г, F, < L, бен (8) ^ 
т--3»>со q——Àoo 
Combining (1) and (2) we вве that 
І, Fo = L, а, 
n—>œ C хною 
Q.E.D. 


` 5. ` It at once follows that if f is an unbounded function 
b 
dk 
| ў f (2) йа s j^ In 


n 
зі | І (k) dk 
проь OO о? 


where 1 (x) is the content’ of the set of points at which 2,18 2k 
(k<n) and therefore із also the content ої the set of points at which 
fis > k,forf апад, only differ at points at which they are both 


> k (ват). 
Thus b т 
| (rowsu ў га) dk 
` а —> 0 2 
= ў (k) dk 
ы е 0 Ў. . 


where І (Б) ів the content of tte set of points-at which f (а) > Б. 
“ е ` 
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6. The theory applies equally to functions which have both 
positive and negative values provided only that when the sign of the 
latter be changed the integrals of the function occurring exist in accor- 
dance with our definitions. Thus on this assumption the following 
general theorem is true :— " 

Theorem—Term by term integration of monotone successions of func- 

{топз їз always allowable. 
" "Ву considering two auxiliary successions got by alternately putting 
all the positive values zero, and all the negative values zero, this theorem 
is seen at once to break up into two parts viz those of the statement 
that :— 

Monotone ascending successions of positive functions and monotone 
descending successions of positive functions can always be integrated term 
by term. 

The proof of the former of ices parts resembles that of the 
fundamental theorem of 55 but ія rather simpler. The truth of 
the latter may be deduced from that of the former, certain simple 
considerations with regard to аа ві which the functions are ос 
being employed if required. 

7. We here give the proof of the former part of the statement 
viz :— i 

ТЕ А Shi sis mee f 
bea monotone ascending suecession of positive unbounded functions 
Lt 
п-> 
Form аз іп $ 5 the auxiliary monotone ascending succession 


РЕ 0 ТИКА Криві —>h, 
where Aps. is the less of р and f, everywhere, and №, is the 885 ої р 
and f 


having f as limit then F=f. 


Then since this is bounded 2 нае ар p =H, Hence as before 
; І, Р, > І, Н, > Н, 
fi-—Ào00 n—> oo 
and >. Г, Е, > Г.Н, > Р... (1) by the fundamental 
a5 p—>oo 
theorem. But F, < F and -. D, Е, < Е...... (2) 
. п-- ое 
Combining (1) and (2) we have 
L, к,еї 
. n9 


Q. E. D. < 


10 У. Н. Youne. 


8.' Hf, mjfmfee£mfAGe—f (1) be a monotone descend- 
ing succession of positive functions having f for limit, then it oan be 
changed into the ascending one 

fifa Shits SS fifa Ohi Је. (2) provided only 
none of the f’g have the value -- оо. If they have such values we can 
attribute to all the functions f,,f,...f,,f the value zero wherever f, is 
+ oo without affecting their integrals. The succession will then remain 
monotone, and the above treatment will be allowable. Moreover in either 
case by integrating the new succession (2) 

_ we get Г, (F,—F,) = F,—F 
"—> 


and therefore L, P, = 


поо 
Q. E. D. 

9. Equally whether а function is bounded or unbounded, and 
everywhere of the same sign or not, we can, во long as it possesses 
an integral in the sense we have defined, approach it from below by 
upper semi-continuous and from above by lower semi-continuous 
functions each of which possesses an integral, and is such that the 
npper bound of the integrals of the former and the lower bound of the 
integrals of the latter are the same. ` 


We thus obtain, using Scheefer's theorem that, if a derivate of a 
function is known to be greater than. the same derivate of another 
function except at most в countable set of points then the former func- 
tion exceeds the latter function by а monotone increasing function, an 
intuitive proof of one of the most general results in the modern theory 
of integration 612. ; 

Theorem—If а derivate of a duin possess an integral and have the 
values + со and— oo at most at а countable set of points then the integral of 
the derivate 18 the function. 


The proof indeed is immediate if we use the obvious facts that the 
derivates of the integral of an upper semi-continudus function are 
nowhere greater and those of a lower semi-continuous functien are 
nowhere less than the semi-continuous funetion in question. 


The function whose derivate is considered is accordingly greater 
than the integrals of all the upper and less than the integrals of all the 
dower semi-continuous functions cpnsidered and accordingly coincides 
with their common bound. In ot words it is the integral of ita : 
derivate. : - 


Aryyabhatta’s rule іп relation to Indeterminate 


Equations of the First Degree. 
By 
№. К. MAZUMDAR. 

The principal object of this paper is to interpret, explain and 
compare Aryyabhutta’s rule in relation to Indeterminate Equations of the 
First Degree of some such form us Ах—Ву=0, А and В being positive 
integers and С amy integer. I shall also show that Aryyabhatta was 
not, so far as his rule indicates, in any way indebted to Euclid or other 
Greek or Alexandrian Mathematicians, as has been maintained by 
Mr. б. В. Kaye’, and Heath’, and others?. Incidentally І shall point 
out some other mistakes in the investigations of Mr. Kaye?. 

Avyyabhatte’s works consist of 4 parts, the second of which is the 
Ganita or mathematical section proper, consisting of 33 couplets, the 
last two of which deal with the solution of Indeterminate Equations of 
the form I have indicated. 

The rule! is :-—" The greater original divisor is divided by the lesser 
original divisor, and the rest divide one another. Ан assumed number 
together with the original difference is thrown in, The lower is multiplied 
by the wpper and the last added. 

Divide by the smaller first divisor and multiply the remainder by the 
larger first divisor, add the original larger remainder for the final result "^ 

The technical terms of this rule may be best understood by consi- 
dering the general problem, which most . probably gave rise to it aud 
which might be stated thus :— 

To find a number п which wil leave given remainders when 
divided by given positive integers; t.e. n is to be found from the set of 
equations 


— 





1. “Notes on Indian Mathematics. No. 2—Aryyabhatta” in the Journel of the 
Asiatic Society of Bengal, March, 1908. 

5, Heath’s Diophantos of Целатача, New Edition, 1910 Heath bases his latest 
opinion on Mr. Kaye’s paper, as he himself acknowlodges in the footnote of Р 281 of 
Diophantos. 

з Obrystal, in his Algebra П, 

з чана АННЕ | 

Чеченские начах Pay у RR 
seui fupra ата 
зачаў feug aaam 
е * Quoted from Му. Kaye’s translation 
couplets—published in the Journal of the Asi 







Тһе Aryabhattya, Kern's ed. 
Aryyabhatt’s "Ganite"—32nd & 33rd 
io Booiety of Bengal, 1908. д 


е s 
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ПА = 2+ Е. /А | 


n/B = y+ E,]B 
which leads to the indeterminate equation 

Аз-- Ву = O (say). Il 
ГА numerical example corresponding to this may be taken from the 
problem of calendars :— 

“Тһе year 1 of Ohristian era was in the solar cycle (=28 years) the 
year 10, and in the metonic cycle (=19 years) it was 2. What was it 
in the Dionysian cycle (=28 х 19 years) ? 

If n be the number in the Dionysian cycle— 

n/28 = z4-10/28 
n/19 = у4-2/19 
whence 282--19у = —8"]. * 
Here А, В are greater, or lesser original divisor, В,, В, larger or lesser 
original remainder, and C is the original difference. 

Only the first part of the rule will be discussed in this paper. 

1. Let B < A. Then the modus operandi will be as follows— 

B) A (a, 
B 





бо 








То simplify the matter suppose there are 4 quotients only, $.е., the 
process terminates with а,; so thatr, = 1, т, = a,. Then according 
to the first part ої the rule we must set down the series 


a, 


$ (= an assumed integer) 











6 А century and а half later Brahmeffupta also undertakes the solution of kindred 
problems 
' Journal of the Astatic Society 


gal, 1908,—Mr. Kaye's Notes оп Шањ 
Mathematics, И 


- Я р 


from which may be derived the successive series 


Equations of. the First Degree. 


Fa, + Е = G (say) 


а, 


a, 


4; 
а 


а; 


Еа, + D = F (say) 


Е 


а, 


Da, + t = E (say) 


ta, + O = D (say) 


D, 


3 


t, 


а) 


(2) 


(3) 
(4) 


18 


Then, the values ої С & F being actually calculated, the solution of 


IT is— 


у= б = At + Ода, + a, + ва, в,) 
z = F = Bt + C (1 + a,a,) 


Now, evaluating the С. Р. (continned fraction) 





by the ordinary arithmetical method, s.e., from the end and not from 


the beginning, the successive steps are— 


ta, + С 
і 


БЕРЕ et 
ta, +0 
Da, +i 
D 
D: 
Da, +t 


Ба, + D 
E 


eee 
На, + D 


F 


therefore, p, = G, 


Fa +E _ 


D 
і 
і 


(1) 
а. 


14 . N. К. Mazuaman: 


Now if the steps (1.), (2,), (3.) be omitted, the remaining ones give 
the mode of operation corresponding to Aryyabhatta’s rule. ' Thus 
Aryyabhatta practically finds 











Ps _ 1 
ge ta, + 
а, + 
a, 
when Pi As. 1 1 
Ва, Та +- 


and says у = ру, 2 = 4». 
But what is the modern method ? 
The 0. F. 1 
й eee he а. 1 
3 a 
is evaluated, а» 
and since А д, — B p, = Pals — Psd, = (—1)* 
n A(Cq,)-B(Cp,) = С 
n also A (Ві + Cg) - В (At + Ср,) = б, | 
and therefore the general values of а & у вае 
æ = Bt + Cas, у = At + Cp, 





But Ps _ typ, + Cp, _ А+ Ор, 
de 7 144564, ~ Br+Cq, - 
г. рь = Àt + Ср; 
4. = Bt + C qs. 


Thus Aryyabbatta’s rule directly gives the most general values of 2 and 
у, and his conception ої the assumed number — about 15 centuries 
ago — is simply wonderful. 

3. Now what is the rationale of this rule P Of course > the rule 
has come down to us in & written form, but ав to explanations of the 
technical terms or any commentary on the rule itself by the author, 
there is none. Most probably these latter were orally transmitted from 
preceptor to pupil and the rule only was embodied in writing in a 
* Sutra" form—no doubt due to paucity of materials of writing in 
those early days. Tho following rationale? of the rule is advanced, 
which may be taken for what it is worth. 

И Ағ--Ву:-С, then 


. АЎ wy (an integer) (1) 














e З Suggested to the writer by some 
'Lilavati' and ‘Vija-Ganita’, 
е 


b 


дм" 
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Асю =y—a,e=y, (an integer) 
Ву, +C " 
it s (i) 
ссср nt (р) 
1 
гі; En 
т, туі (ii) 
5% (r.a, riii c0 =y,(=E) 
a 
ог Ta +0 а (=D) (іх) - 


But ultimately r, must be = 1 (for by implication А and B are prime? 
to one another), and in the case under supposition 
T, = l, т. = а,; therefore (iv) becomes а,у, +O = 2, (iva) 
Now y, assuming any arbitrary value t, 
g, — a,t +O, 

and then by retracing the steps y,, 2, y may be obtained. 

Thus the solution of (i) is made to depend upon the solution of a 
number of other inderterminate equations, the last of which, having one 
of its divisors equal to 1, із the simplest and can be readily solved. 
In fact 21, у, 2, y are actually the same аз D, Е, F and 0 respectively. 


4. Mr. Kaye in his notes?® on these two couplets says that, 
“The fundamental process involved in the method given by Aryyabhatta 
“is contained in the first and second propositions of the seventh book, and 
“the second and third of the tenth book of Euclid. The results of these 
“propositions translated into Algebraic notation give us the following 
“indeterminate equations: А L—B M-—1 and А L,—BM,=g. The 
“process by which the former of these is arrived at may be exhibited 
“ thus :— 





B) А (а, 
a, В. фо 
т.) В (a, or В о С 1 
т. а, ! а, + d 1 
та) 7, (а, : a, Foenn 
(аһ | 
Ти 





oo 

9 Among the ancients we first come афовя the statement that "If A and В are 
prime to each other, their Н. О. Е. must divide С; otherwise the question is an 
impossible one" in the 185, трів, of Bhaskara ь б Centuries earlier than Bache 
24 A.D. 2 
, March, 1908. 


4 % а М " P 4 














gave hia solution with the same condition in 
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“represents the process of finding the Є. C. М. of two numbers A and 
“В. Ifthe last remainder is unity, Euclid states that the two numbers 
“A and В are prime ййетве. His proof may be set down as follows :— 

т, =A—a,B 

та = А(—а,) + В(1--а,а,) 

т, = А(1 + ала.) + n --а,-а, CL 


T. =(2 АГ BM) 
“Ifr,=lthen A and B are prime to each other: for if not ete. If 
"Az-—By = С and AL—BM=1, we get ALO—BMC=C and 
- LO)— B(y~MC) = =0 or (#—LC)/(y—MC)=B/A; and further 
‘as A and В are prime to each other, we have z—LC-Bt and 
y—MC=At (Euclid ҮП, 33), where t is any integer. 
“То solving Аз—Ву=0, where г, —1, we have 
“А=а, Ба, + аа, а, 
“В=1+а: a, фага, Бао, аааз, 
“e—=Bt+LC=t(1+a,a,+a,0, +а,а,+а,а,а, а.) 
—C(a, +a, +“, а а,) 
‘у=А+МС=Ка, +a, +а,а,а,)+С(1+а,а,) 
* Now, following Aryyabhatia’s instructions, set down 


ay 

a, 

as 
ta,—C 

> ж 


“Add the lowest term to the product of the two proceding t+ 
“a,(¢a,—C); multiply this result by the next highest term (a,) 
“and add to the product the penultimate term (t a, — C) and so on. 
“The final result in this case ів (1--а,а,--а,а,-Ға,а,-Ға,а,аҙа,) 
* —C(a, а, --a,a,0,) which equals Bt-+LC=7v as above. 

ч Ав іів any integer we may substitute any other integer for it. 
“ Set 2, —=ta, — С then = (1, —-- C) /a, and we have the series a,, a,, 
TT а.а, ty—, (¢;—+C)/a,, which may be treated as 
before.” 

As regards this note, with all respect to Mr. Kaye I cannot but 
differ from him on the following points '— 

(1) т, is not the remainder after the quotient a,,, but after a, ; 


and 
з 


аз +.. TE 
But surely these are minor рощ and nm probably printing mistakes, 


~ е 
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(ii) He also takes the case of the equation Ағ-Ву--С ая I have 
done; and r,—1 under his supposition also. But then the values of 
А and В asin this note should be intorchanged; as also that of L and 
М. І fail to understand also why the sign of C has been abruptly 
changed in the value of а. Тіс solution is practically that of 
Вг--Ау----С. 

(іп) Assuming that there is mistake, for as his note implies there 
should be a *£' just below ‘ta, (С, I do not see how ta,—C has been 
obtained and why the sign of С has been consistently changed through- 
out. 


It should be ѓа, +C in the case under supposition. Moreover the 
series, as it stands in the note, is not the original series, but onght to 
be the first deduced series, so far, of course, as Aryyabhatta’s rule 
indicates. 


(iv) Then there isthe unnecessary trouble of substituting a new 
integer for & I do not think Arryyabhatta’s rule implies anything of 
the sort. 


(v) This is the most important point of difference. It is maintained 
in the Notes that not only is there an analogy in the working of this 
rule and an “ easy development” ої Euclid's analysis of the G.C.M., 
but that it is practically contained in that “easy development,” Heath 
also ввув,! і “ Thus the solution of the equation ах — Бус given by 
Arryyabhatta (born 476 A.D.) as well as by Brahmegupta and 
Bhaskara, though it anticipated Bachet’s solution which is really 
equivalent to our method of solution by C. F. is an easy dovelopment 
from Нисіїд'я method of finding the G. С. M. or proving by that process 
that two numbers have no common factor (Euclid VII, 1,2., X 2, 3), 
and it would be strange if the Greeks had not taken this step."!* 


Marshall 13 has well said that “facts are suggestive in their simi- 
larities, but are still more suggestive in the differences that peer out 
through those similiarities.” 


In this case the difference shall be more striking than the 
similarity. In the ‘easy development’ the conception of the assumed 
number comes after the ordinary values of the variables have been 
found; but as to this rule it is quite otherwise, for here that conception 
comes at the very beginning, without which the first step is impossible, 

- 





е ve 
11 Heath, Dicphantos, 2nd Edition, 1914, Р. 281. 
12 This statement is based upon tho Wnvestigntions of Mr. Kaye, as Heath 
himself acknowledges in the footnote of the 
Фіз Principles of Economics, Р. 879, f. 
з 
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and which implies some other sort of analysis, as has been indicated. 
In the one case the ordinary values lead to the general ones, the 
ordinary values being themselves suggested by the method of Euclid; 
whereas in the other the general values are evolved first and the 
ordinary ones must be deduced from them. In fact the only similarity 
that can be traced between the two methods lies in the process of 
reciprocal division between A and B. But а striking difference peers 
out even through thidsimilarity. For what is this similarity due to? 
In the case of the “фізу development’ tho result justifies the means 
butin the other the сапізе clearly explains the modus operandi. Thus 
this similarity has been the result of different forms of analysis, and 
is not the cause of the same sort of analytical reasoning. 


The conception of the assumed number is thus more important than 
at first appears, for it clearly implies the existence of some sort of 
analysis in its truest sense behind the rnle; and the rule does not 
necessarily depend upon REuclid's method, much less does it follow 
from it. 


If the modern method be considered as simply based?* on the theory 
of O.F., then of course it depends upon some result of Algebra 
fortunately obtained; and if that result were untrue, te, if 
Pa 4.--.-2а--14. F (—1)^, but = some other integer, say, k, then 
that analysis would fall to the ground and would have to be recast from 
the very beginning; but the same cannot be said of the sort of analysis 


as has been set forth in the preceding pages, for it is intrinsically correct 
so far as it goes. 


Besides, the rule as given by Aryyabhatta stands unique пр to the 
present time, for nowhere does Modern Algebra give the rule in this 
form, indicating to evaluate the (n+1)th convergent of the modified C.F. 
with n quotients, directly to yield the general values. 


І do not know how far I have been able to lay sufficient stress on, 
or to draw sufficient attention to, the great importance of these two 
points, 


5. Again Chrystal says!" “ Indeterminate equations the solutions of 
which are limited by extraneous conditions, are called Diophantine 
Problems, in honor of the Alexandrian Mathematician, Diophantos, . 
who, so far as we know, was the first to systematically discuss such 

‘problems, and who showed extraordinary skill in solving them (See, 
Heath's Diophantos of АЇвхапдтіа Camb. 1885—P. 473, f).” 





_ 1* Вее quotation from Heath’s Difphantos above. A 
е 


о °° Algebra Part П 2nd Edition, 1006, Р. 473. 
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- There is no denying that Diophantos was а great Mathematician 
but Chrystal was wrong if he intended to connect him with solutions 
of indeterminate equations of the Ist degree. The following may 
also be quoted from the same authority (t.e. Heath’s Diophantos), 
only that it is a revised edition of 1910. 


* Diopbantos flourished about 250 А.Т),716 


“There is nothing to show that problems involving indeterminate 
equations of the first degree, formed part of the writer's plan.” !7 

“ Diophantos does not, іп his Aritmetica ав we have it, treat of 
indeterminate equations of the lst degree"!9 in the sense in which 
they are ordinarily understood. Heath has taken the trouble to classify 
the problems of Diophantos, and there are in the whole of the 
Arithmetica only 3 cases of indeterminate equations of the lst degree 
prpero, viz., 


(1) æy + ety) = а Lemma to IV, 34. 
(2) зу — (2 + у) =а „в LV, 85. 
(8) zy = та + у) »  » ТУ, 96. 


But even in these examples Diophantos gives ‘solutions in which у has 
been practically found in terms of х.'1? 


Colebrooke also says*°, “ The general character of the Diophantine 
problems and the Hindu unlimited ones is by no means alike" eto. 


Thus there is no foundation for the categorial statement of Chrystal. 

In conclusion I have only to point out that “the general solution 
of indeterminate equations of the first degree was first given among 
moderns by Bachet de Meziviac in 1624 A.D.” 11 Bhaskaracharyya 
had already given his elaborate rules for the general solution in the Ist 
half of the 12th century, and Brahmegupta contributed towards the same 
question about the middle of the 6th. But the work of Aryyabhatta 
(born 476 A.D.**) is the earliest in which we find the rule ina 


written form. 
анн 

16 Heath, Diophantos, 2nd Edition, 1910, Р. 2. 

17 Р. 7, Ib. 

15 Р. 67, Tb. 

19 Seo Heath’s Diophantos, РР. 192--4, 262. e 

зо Colebrook’s Translation of Lilavati, Introduction, PP. XV, XVI. 

11 Colebrooke, Lilavati, P. XVII. | 

** Notes on Indian Mathematics by Мг. Kaye in the Journal of Asiatic Society of 
Befigal, 1008. Also Heath, Diophantos, P. 5) 
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On the Figures of Equilibrium of a Rotating 
Mass of liquid for laws of attraction 
other than the law of Inverse 
Square, Part I. 


By ВівнутівниянАК Darra. 


The present paper contains the first instalment of the results of 
my investigation of the figures of equilibrium of а rotating mass of a 
homogeneous incompressible liquid whose particles attract one another 
according to laws of force other than the Newtonian law of gravitation. 
In Art 1, I enunciate and prove the theorem, that if we consider the 


law of force to be given by F = -F , then it is only when k = —1 

or 2 that an ellipsoidal figure can be a possible surface of equilibrium. 
й 5 

In Art 2, I consider the figures for F = =- —pr. In Art 3, I prove 


a theorem for the law of direct distance which is analogous to a 
theorem ої Роіпсагб'я for the law of mere square of the distance. 


The second part of my paper will contain & detailed discussion 
of Neumann's Jaw and a discussion of the question of stability. 


All the results in this paper are believed to be new. 


I wish to express my indebtedness to Dr. Ganesh Prasad аб whose 
suggestion I took up, and under whom І carried on, the investigation 
the results of which are embodied in this paper. 


1. Let the law of force be the inverse kth power of the distance 
во that Е = — P зі 

Then the following new theorem holds true:— 

It is only when k=2 or k= —1 that an ellipsoidal figure can bea 
possible surface of equilibrium of а түйе of homogeneous incompressible е 
Лиза rotating about a fixed aris. 


С a 
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PROOF :— 
lf the elhpsoid rotate in relative equilibrium about the axis of z 
with an angular velocity w, the dynamical equations are 


2. _ N 
—w? Ф = "а ГЕ 
1 ӛр 50 
CUm у" бу 
1 ә 80 


where —Q is the potential. 
The surfaces of equal pressure are therefore given by 
О —i о? (2% +0?) = const. (1) 

(а) Let the force vary directly-as the distance, so that k = —1. 

Evidently then, the potential of the ellipsoid at a point (2, у, 2) is 
—O --з Mp (27 +y" 2) +a constant. (2) 
where М = # пр abc. 

Substituting in (1), we have 
аз (&p mpabc — Іа) + у? (Fp mp abe — фо?) 

+ З ртр abe 23 = const. (3) 

In order that this may coincide with the external surface of the 
ellipsoid 

g? у? 23 

em ага 
we must have 
a* (X рот p abc — fw?) = ($ ртр abc — фот) —ce* хі ртр ас (4) 
Hence a=b (5) 
and 2 рт р abe (a3 —c*) = $a! wt. (6) 
This will give a possible value of w if а» с. 

Thus,* а planetary ellipsoid is a possible figure of equilibrium ; 
the ovary ellipsoid cannot be a figure of equilibrium. Also, the axis of 
rotation is the smallest axis. 

(b) When the force varies as the inverse square of the distance, 
the case has been studied by Maclanrin and Jacobi and the results are 


«vell known 
(c) Now let us consider the general case when the force varies as * 


the inverse kth power of the distance, where kis any integer, even or 
odd, positive or negative. 





е * Seo Besant and Ramsey’s Hydroechanics, Art. 187 


~~ 
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` Dr. Routh has found the following formule for the potential V of 
a solid homogeneous ellipsoid at an internal point for such n law of 
force* :— 


(5 When k is an odd negative integer 





dor аб V уз 
Кс mf Ч; ЗІ + na 5! Ж Kerby tet) (7) 
d? дз 
where Vea e+ pa mre 
and 2t = 1—k. 
(i) When k is even and » 4 
— (Б y -4 (8-5-7)! 
E 7 
"EA (8) 
where > implies summation from ў = 0 to з (k— 4), 
ЕК igo 
E | 1 zz a? ря = са? 
E а + x =) 


(iii) When k is even, < 4 and may be negative 


" т (—1)' Я —i d t фі 
arc we) 5; (9) 


whs Haine _ Ву? ys, 
а--” В--” ye 


Q*— (a+r) (8+0) yt), 





1 1 1 
іші(4-2), «бу =, dr Gre 
From these formule we find that for any even value of k from 
6 upwards,t and for any value of k from—2 downwards, the expression 
for Т is otherthan a quadratic. Hence a quadratic surface cannot be a 


possible form ої equilibrium of a rotating mass of homogeneous Ж 


* incompressible fluid for these laws of force. 





* Phil. Trans, Roy. Вос., Vol. 186 А, (1895) 
et Values of & from 8 upwards may be excluded also because for such Мана the 


potential becomes infinite on the surface, . і = 


«? 
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(4) А very interesting case ів when k=0, so that the force ія 
independent of tho distance. The potential of a solid ellipsoid at an 
internal point in this case is 


bf foie) aw (10) 


where т, and Та ave the roots of the equation. 


з (++) + (+ =) 


- (1-5 a ары =o | (11) 
This will give а quartic expression for V. 
(e) Letk = 1, де., let the force vary inversely as the distance. 


Then, for a point on the surface, 


Any 


= «а; (= "i я J dw, а 


e 














the integration being carried over & у hemisphere. 
І the ellipsoidal form is to be a figure of equilibrium — a must be 


proportional to хја?, the «-direction cosine of the normal to the surface 

of equilibrium ; which however is impossible. | 
2. Let us now suppose the law of force to be a combination of 

those of the direct distance tod the inverse варата of the distance; 


that is 
«i 
нение p. (13) 
In this case 
О = трк? (a, 2* +8, y! усе" Хо) + $ pmp abe (z* + y* + з") (14) 


oo 
cal a 
where | ао = абс Я FAA 


ах 
Bo = adl + 
ў (15) 


T od 
Yo = 2 (FAJA 


oc 
Es ah А. 
Хо = abe А 
о 


зай A = Ў( (PX) (FA). 
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Substituting in (1), we have 
М өз 2 
e? (жс =) +y’ (Box? +4 4 abo — 8.) 


+2* (ук? +4 p abc) = const (16) 
In order и this 2 coincide with the surface 


Men =1 
we must have 


а (set a - Sta) ра (Bor? +E mabe — E) 





Ба Que! аю) (17) 
E: (1) When a=b these conditions reduce to 
з 
7 (а +3 pale = ее (уок? +$ p abc) (18) 
Substituting the values of a, and у, from (15) we get 
= : 
abc | { аз өз о "ME =o". 19 

к Д аза” SEX AU tuabe (а? —e*)— p (19) 


Since a*/(a* +A) is greater or join. than c*/(c* +A) according as а ів 
greater or less than c, it follows that the above condition can be fulfilled 
by any suitable value of о for the planetary ellipsoid but not for the 
ovary form. Also the axis of rotation coincides with the smallest axis. . 

(П) When a is not equal to b, that is, when the ellipsoid is not one 
of revolution, we can put equations (17) in the form 
a9b3x* (a5 — 8.) -- y k*c? (a*—b*) +2 р abc? (a* —b*)=0 (20) 

Substituting the values of а,, Bo: Yos 


и ами 3 (да? —b$ 
аа, | FORSTER а Ра У міс 08—89) 
=0 . (21) 


The factor (a*—5*) when equated to zero gives the ellipsoid dis- 
cussed in (I). The other factor gives 


оо 
сақа аз b? = с* ра а 3— 
і \ асадку поча фа аю 


гаў (аз b*~(a*+b?+A) с} ма +4 gabe? =0 (22) 


which шау be regarded as an equation determining с in terms of a, 6. 
When c=o every element of the integral is negative, and when c*— 
аз b* 
(аз -+ b*) 
4 е 


every element is positive. Hence there is some value ої с 





Cm 
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less than the smaller of the two semiaxes a and b for which the integral 
vanishes. Thus, an ellipsoid of three unequal axes is a possible form 
of equilibrium and further the axis of rotation is coincident with the 
smallest axis of the ellipsoid. 


3. Poincaré has proved that, for the law of inverse square of the 
distance, if w*/2rp>1, there is no figure of equilibrium possible.* We 
have an analogous theorem for the law of direct distance. A necessary 
condition of equilibrium is that at every point of the free surface the 
resultant of the attraction and the contrifugal force should he directed ' 
towards the interior ; otherwise a part would be detached. Let V be 
the potential of the attracting forces and т the distance from the axis, 
and let | 

і U=V іа", | (23) 


The resultant outward normal force is and for equilibrium at every 


point of the free surface ST should be negative. 


By Green’s theorem 


Праве [Губ ae dy as (24) 


where the first integral is taken over the surface and the second 
throughout the volume of the liqnid. And 


VIU=V7'V4+2e?. (25) 

When the force is that of the direct distance 
ViV= —ЗМь М being the mass. (26) 
^ aff В) 48 = (даз — 3M) x volume (27) 


and if аз Ма, the left hand side is positive, which implies that at 
some points of the surface the resultant force is directed outwards and 
therefore the equilibrium is impossible. 





* Figures d'équilibre d'uno maase fluide, p. 11. 


Parametric Coefficients in the Differential 
Geometry of Curves. 


By SvaNADAS MUKHOPADHYAYA. 


IV-—EXPRESSION OF THE CO-ORDINATES OF А POINT ON A CURVE IX AN 
Я-БРАСЕ AS POWER SERIES IN 8. 

1. Let Eis ба, © , €, be the n co-ordinates of а point Р on a curve 
іп ап n-space referred to principal axes at any point О on the curve. 
Then on the hypothesis of the continuity of #,, ё, ", ё, and their 
derivates of any order with respect to з, the arc length from O to Р, 
in the domain (OP) we can shew that 


Бад гас), сат” ‘+A (n) 2+ eto, 

for т=1, 2,3, +, тъ, И 3 а) 
А, (m) having the same meaning as defined in Paper ITI.* 
For if Х., Х,;., X, be then co-ordinates of Р referred to any 


system of orthogonal axes and гі, 7,, 7, 2, the co-ordinates of О 
referred to the same system, then the direction cosines of the n 


principal axes at O are 
A; ($1), А. (а,), А, (2), (тезі, 2125 n) У 
where A, (c) has the same meaning es defined in Paper ITI.** 





* A, (m) stands for [1, 2, ,т|1,2, “, r—1, m] divided by 
[1, 2, ,7] [5 2, , 7-1] and (L2, r | 2, >, r—1, m] 
ют | (1,1), (1, 2), , (1, 7-1), (1, т 
6 1), (2,2), (2, TR 6 s 
, (т, 1), (59) (т, — r1), (, т) 
(1, 2, *, r]* stands for (1, 2, т | 1,2, 7,7), 
(1, 2, +, 7-1]? for П,2,:,т- |1,2,:,т--11, 
(t) (т 
and (1, т) for 5 e, т», різі, 2, т 
When r=1, А, (m) is equal to (1. т) (1, D4 


*9* Д, (2,) stands for [1, 2, * ,r | 1, 2, 7, 7—1, ga] 
divided by [1, 2, :,7) (1, 2, : , 7—1] and . 


* - 
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Hence $, = > (X,—2,) А, (г,), (рэгі, 2, 7, n) 


! (29 Е (m.) аж 
== (ep 'ь фа, "apt cbe ти + ete.) Д, (zy) 


> т 

=s Ба, A, (з) +972 =, As) + 
equ c 
Та! Ба, A, (2,) + ete. 

2 т 

Ед, (1) +57 As (2) co m Ar (п) + ete. 

by identify (а) paper ІП $. 
8, STI Ғы 
вот А, (ғ) + GID Â” (r + 1) чена A, (т) + вё., 


as A, (1), А, (9), * , A, (7—1) all vanish from definition of Ar 
Equation (i), written in full, gives us 


I 


з т 

& — AL) s AL У уг. ЖА, (т) т + ote. 
ҒЫ 83 з" 

& А, От + As З) 0 gp c cb As (т) cuu + өк. 


т 


зао ове тов сое абв ваь КО КК КОКО ОККО КК КК КН 


a atıl 
БА ® + A.@+) от +. 


+ A, (т). LR ete. (б 
We have now to express the coefficients of #,, бу» ' , Ё, in terms of 


the n—1 principal curvatures at О, иу, tta, ©, u,- and their derivates 


with respect to s 





(1) 

fA, 2, 57 | 1, 2, *,т—1, Xu} for (1, 1), (1, 2), 75) (1, ғ--1), 5 
2 

(2, 1). (2, 2), E (2, т—1), Хы 





(п) 
; (r, 1), (ғ, 9), EE (, 1—1), X. 


е t Vide Bulletin С. М. S. Vol. IT, No. 2, Page 30. 
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We have from the definitions of the principal curvatures 

А, (2) = 4,, A, (3) mu t, Д, (4) ч, vr 

А, (T) = tty tg уч,” А, (п) ся цу Ugy? y ands 

so that we can аб once write down the first coefficient in each of the 
expressions (й). 


2 


Evidently A, (1) = (1, Dt 


З 
віко tla) e" Ea et 
The second coefficients in (ії) are obtained from the equations 
A (2) =0 
А, (3) = A’, (2) + v, A, (2) 
А, (4) = А’, (3) +4, A, (3) 








A, CHL) = A’, (1) + trai Ares (т) 

Fete ee. ара ранай 

А" (ntl) = A’, (б E tr Ax, (п) (211) 

The first is evident since A, (2) = (1, 2) + (1, 1) 

= (1,2) = + (1, 1)'—0. The rest follow from the general formula 
(E,), of paper ПІ, viz, 

А’, (р) = Аа (р) Dy, + Ar (р+1) et А,-і (р) “tb, а, 

if we put r for p and observe that A,., (r)=0. 

Similarly, the third coefficients in (ii) are obtained from 

A: (3) = A‘, (2) — ч, Д, (2) 

А, (4) = A’, (3) + ч, А, (3) — чи А, (3) 

А,-, (n+1) = A en (1) + trea A ang (з) ыа Ax (п) 

An (1+2) = A', (1) + tsi As (41) (iv) 


and the fourth coefficients in (ii) are obtained from 
А, (4) = A’, G)—u, A, (3) 


А, (5) = A’, (4) + 4, A, (Du, As (4) 
А-а (и) =’, (n4- 1) -- а А,-. (n--1)—1,., А, (n4-1) 
"A, (n +8) = А!, (n+2) + ts, Anny (n+2) (v) ы 
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The above sets of equations (iv) and (v) are deduced from general 
formula (E,) by substituting suitable values for р and r. 

By continuing the above methods the coefficients of the expansions 
of $i, Éa, ', Én in powers of scan be calculated with facility as far as 
we desire. С. B. Mathews in the Quarterly Journal of Mathematics 
Vol XXVI (1893), рр. 27-30 has obtained by а different kind of 
analysis similar formulae for curves in three-dimensional space. 

The following tables which have been constructed by the above 
methods give the coefficients .up to those of the ninth power of s. For 
convenience of printing а, B, y, 8, е, 0, ф, etc. have been substituted for 


the principal curvatures 4), а» Ма, Uys thy, Uy, Otc. 


Роіпсаге- Ніз Life and Work. 





By A. С. Вовк. 
“Тһе search for truth should be the goal of onr activities, it is 
the only end that is worthy of it......... Tf we wish more and more to 


free man from material cares, it is that he may be able to employ the 
' liberty obtained in the study and contemplation of truth," 


So said Jules Henri Poinenré in his Introduction to his work ' the 
Value of Science’ and in these few, but beautiful lines is embodied 
ihe motto of his life. But what is Truth said jesting Pilate and 
would not wait for пп answer. And if Truth, whatever it is (opinions 
have differed regarding the meaning of truth, e.g. Ostwald has held 
“ Truth is that which makes possible the prediction of the future") was 
to be the sole aim worth pursuing, Poincaré asked, could we hope to 
attain ib? Such attainment might be doubtful. Is it then the case 
that our most legitimate and most imperative aspiration is at the 
same time the most vain? Or can we, despite all, approach Truth 
on some side? This was truly worthy of investigation and was 
investigated. What was the process and what the result? Тһе 
frames in which Naturo seemed enclosed, viz., Time and Space, were 
examined. It was shown that Nature did not impose them upon us 
and that it was we who imposed them upon Nature, because we found 
them conventent. Was mathematical analysis whose principal object 
was the study of these empty frames, only a vain play of the mind P 
It gave the physicist, a convenient language but “was this not a 
mediocre service and was it not to be feared that this artificial language 
might be a veil interposed between reality and the eye of the physicist Р” 
Poincaré answered boldly and decisively that it was not. “ Without 
this language ” he said, “most of the intimate analogies of things would 
have remained for ever unknown to us; and we should for ever have 
been ignorant of the interna! Harmony of the world which is the 
only true objective Reality. The best expression of this Harmony is 
Law which is one of the most recent conquesta of the Human Мі" 
which we owe to Astronomy,” 

“Does the harmony,” Poincaré asked, “the human intelligence 
thinks it discovers in nature exist outside of this intelligence ? ” The . 
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anawer came in no uncertain terms—‘ No, beyond doubt, п reality com- 
pletely independent of the mind which conceives it, sees or feels it, is 
an impossibility. А world as exterior as that, even if it existed, would 
for us be for ever inaccessible, But what we call objective reality is, 
in the last analysis, what is common to many thinking beings and 
could be common to all; this common part would only be the harmony 
expressed by mathematical laws. It is this harmony which is the sole 
objective reality, the only truth we can attain, The nniversal Harmony 
of the world is the source of all beauty.” 


Poincaré’s whole life was one continuous consecration to the search 
for this ‘Harmony of the Universe and he approached Truth from many 
sides. As has been well said “his vision penetrated the Universe 
from the Electron to the Galaxy, from the instants of time to the Sweep 
of Space, from the fundamentals of thought to its most delicate 
propositions.” 


The extei nals of Poincaré's life like those of other great men who 
passed uneveniful days in the “groves of the Academy” may be 
quickly summed up. He was born on April 29, 1854, at Nancy—the 
son of a physician highly respected. The Franco-German War ої 
1870-71 disturbed his studies but to be able to read the war news in 
the German papers, he learned German. His career nt school was 
brilliant and in 1878 he unlike Hermite, who held all examinations in 
horror and who entered as sixty-eighth in his class a generation 
before Poincaré bnt whose future career was not less brilliant, passed 
highest into the Ecole Polytechnique, where he followed the courses 
in Mathematics, without taking a note and without the syllabus. 
He proceeded’ to the School of Mines in 1875 and was Nomme, March 
26,1879. Оп August 1, 1879, Poincaré won his Doctorate in 
the University of Paris and was appointed to teach in ‘the Faculte 
des Sciences de Caen on December 1, 1879. In October, 1881, he was 
called to the University of Paris, where he taught till his death on 
July 17,1912. At the early age of 32 he became a Member of the 
Academy of Sciences and in March 1908, was chosen a Member of the 
French Academy. Physically, as Charles Nordmann says in the Revue 
des Deus Mondes, September, 1912, “with his ruddy face, his beard 
turning a little grey and not always geometrically arranged, his 

«shoulders bent ns if under the ever present weight of his thoughts, the 
first impression of Henri Poincaré was one of the singular spirituality " 
and imperious gentleness, But two traits were particularly character- 
istic of him, his voice deep and musical and remarkably animated when 

* gpeaking of problems which greatly moved him, and his eyes, rathr 
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smäll, often’ agitated “Бу” rapid movements пойег ‘irregular’ eye-brows. 
m hid eyes ‘could be read the profound interior life which uncensingly 
animated his ‘powerful brain ' (that “dome of thought " found by 
Sylvester on his visit to Poincaré in Paris). His glance was absent 
and kind, full of thought and: penetration, his glasses scarcely. veiling 
its depth and acuteness, "His short-sightedness, poorly corrected by 
his glasses, added to his absent look and made опе say of him “Не 
із іп бе moon. Indeed he was often very fer away.” In Calcutta 
we possess а, portrait of him in the rooms of the Mathematical 
Society -an enlarged: copy, of .what is given in Lebon's little volume 
on. Poincaré in, the series “ Savants du, Jour,” ‘Another, picture of 
Poincaré in his younger days ів contained in the American Journal of 
Mathematics. The change which took place with the process of years 
in the expression of the eyes is remarkable. It was a change from, the 
eager, questioning and expectant look of a young explorer into the 
mystories of .the Universe to the startled look of the votary of science 
who has met with sights. und known things not ordinarily given to 
mortals to вее, and know, 8 look of wonder and amazement not unmixed 
with one of triumph at having forced Nature to give up some of her 
secrets from the odnstitiztion of the тінде ої Saturn to the laws of the 
movément of electrons. 


7 (But not 80 quickly can be summed up the здана ої Poincare’s 
life—thet . „Aife. WAS 80 fall, and so rich. To understand it the reader 
must accompany the writer, who would at best be a feeble guide, to the 
“silent arsenals where’ he alowly forged his weapons for the struggle 
‘against ‘the unkown, to the workshop of the Mathematician, beneath 
the dome of the Astronomer or in the bare room which the Philosopher 
во richly furnishes with his meditations”. The Method which pervaded 
his work, and which has been во well described by Emile Borel in La 
Revue du Mois ої выба сіні may be briefly mentioned here. 


В 1 


га 


Т , The Method ої Poincaré. 

"А ле ы of the. Mothods, оЁ п, man of science is no less useful 
to the progress of science or toward his own glory than the ‘discoveries 
themselves": Laplace. ^ ее. à i 

' “he Method of Potncaré” said Borel, “ів знан ‘active and 
constructive. He'approathes а question, acquaints himself with its" 
present condition without being much concerned about itsi history, finds 
“out immediately the new analytical formulas: by which the "question 
cen be advanced, deduces ‘hastily the essential results, ‘and then’ passes 
Њо another question. After having finished tlie writing of 4 memoir; he ° 


5 ы . 


94 A. 0. BOSE. 


is sure to pause for a while, and to think out how the exposition could 
be improved; but he would not, for a single instance, indulge in the 
idea of devoting several days to didactic work. Those days could be 
better utilized in exploring new regions.” 


“Poincaré is а great constructor. Не can exactly adapt his cons- 
truction to the end he desires to attain. From this point of view his 
activity can be compared to that of men of action who crush all 
obstacles standing in their way. The difference is that the conquests 
of Poincaré are limited to the domain of thought." 


“Let us now turn to the mathematical method of Poincaré. That 
method can be best described by saying that Poincaré ія morea ° 
conqueror than a coloniser. He boldly advances into unexplored 
regions, and then leaving to others the work of organisation, he proceeds 
towards other region where his presence will be more necessary.” 


“Poincaré attaches little importance to conceptions which cannot 
be immediately realized іп a concrete form. Не is neither a dreamer 
nor an idealogist. His method of work is too active to leave room for 
any reflection which does not immediately lead to a concrete result.” 


“Thanks to that Method, he has been able to give to the world 
в scientific production which is the most considerable since Gauss and 
Cauchy, and which, not ceasing to grow in extent every year, will per- 
haps end by constituting the most important contribution that a mathe- 
matician has ever made to the intellectual patrimony of humanity.” 


Truly did Borel write in 1909 with insight born of intimate 
knowledge, for, although the great investigator closed his earthly labours 
after only three years, opinion is unanimous that he has made the most 
important contribution to the sum total of the intellectual achievements 
of humanity. 


Mathematical Work. 

In Ernest Lebon’s volume on Poincaré (Savants du Jour, 
Gauthier Villars, Paris, 1909) is given alistof 486 different 
publications, 98 of which relate to Pure analysis. In the Theory of 
Numbers he introduced the new and fruitful idea of arithmetical invari- 
ants and his discoveries in the general theory of funotions were 
remarkable and numerous, As Halsted says “his earliest publication 

“was in 1878 (t.e. shortly before he received the doctorate at the Uni-, 
versity of Paris) which was not important. Afterwards came an 
essay submitted in competition for the Grand Prix in 1880 but it did 
not win. Suddenly there came a change, a striking fire, a bursting 
dorth, in February, 1881.” This relates to his sudden discovery, at 
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the moment Poincaré had put his foot on the step of an omnibus, that 
the transformations he had used to define Fuchsian functions (of which 
more anon) were identical with those of Non-Euclidean Geometry. In 
three short years (1879-81) Poincaré had contributed to the pages of 
the Comptes Rendus “his epoch-making results on the uniformisation 
of algebraic curves and the solution of Linear Differential equations 
which at the early age of 27 gave him a recognised position in the front 
rank of mathematicians.” His career, thus, іп the earliest stage was 
meteoric but the meteor did not lose itself in space but by some curious 
process, yet to be discovered by astronomers, was transformed into в 
brilliant Sun, which shed, for a generation, such a benignant light on 
many в world of thought and endeavour. 


(а) Differential Equations, their Genesis aud importance 
in Physics. 


Sophus Lie has pointed out that “among all the disciplines, the 
theory of differential equations is the most important. It furnishes the 
explanation of all those elementary manifestations of Nature which 
involve time.” These remarks require amplification and I cannot do 
better than quote from a French writer on the genesis of such 
equations :— 


“Newton was the first to show that the state ofa moving system, 
or more generally that of the universe, depends only on its immediately 
preceding state, and that all the changes in nature take place in a 
continuous manner. А law, then, is only the necessary relation between 
the present state of the world and that immediately preceding. It isa 
consequence of this, that in place of studying directly a succession of 
events we may limit ourselves to considering the manner in which two 
successive phenomena occur; in other words we may express our succes- 
sion by a differential equation. All natural laws which have 
been discovered are only differential equations. Looking at it 
slightly differently, such equations have been possible in physics 
because the greater part of physical phenomena may be analysed 
as the succession of a great number of elementary évents, “infinitesi- 
mals,” all similar. The knowledge of this elementary fact allows us 
to construct the differential equation and we have then to use only a 

- method of summation in order to deduce an observable and verifiable 9” 
complex phenomenon. This mathematical operation of summation is 
called the “integration” of the differential equation. In the greater 
ngmber of cases this integration is impossible and perhaps all progress 
in physics depends on perfecting the process of integration. Tha * 


е 
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was the principal work of Poincaré in Mathematics. And in that 
line his work was amazing, especially in the development of those 
now famous functions, the simplest of which але now called, Fuchsians 
after the .German Mathematician Fuchs, whose work had been of aid 
to Poincaré.” : 


"Ав put by Professor J. B. Shaw of the senis of Illinois, 
*to Poincaré the world of relations was as real as the world of pheno- 
mena, and so far as we know the real relations, in whatever: language 
we express them, just so far we know the actual world, the objective 
world.” 


The value of differential equations consiste in that it is the language 
which expresses “certain persistent relations between phenomena and 
is. thus real and is the replica of an objective reality.” 


>o In recent year's this conception ої the role of differential’ : equations 
_ in the domain of physics has been broken in upon by other conceptions, 
` each vepresentating в relation. between states. The truth of the 


old adage “ Natura non fecit saltus" has been questioned. The Integro- 
differential equation of Volterra expresses the relation that the present 
state,of the world is due to ай the preceding states; the Difference 
equation puts the relation that the states follow one another abruptly ; 
and the Integro-difference equation the relation that they depend on 
all preceding states discontinuously. It has been well said that “We 
„are thus witnesses of an evolution іп, Science and Mathematics from 
the continuous to the discontinuous. In Mathematics it has produced 
the function defined over a range, rather than a line—a chaos as it were 
of elements, and the evleulable, numbers of Borel.” Іп physics, it has 
produced the electron, the magneton and the Theory of quA about 
which shortly before his death Poincaré said. 


* À physical system is capable of only a finite numbor of distinct 
states; it abruptly jumps from one state to another without passing 
through the intermediate states.” 


This shows a remarkable change of view. Is Newton to ре abandoned 
for later lights? Perhaps not: We require only to write the. New- 
tonian mechanics in a different language. Compare the Lamarkian 
and Darwinian theories of slow and imperceptible evolution with the 
sudden and discontinuous mutation of the Dutch naturalist De Vries. 
The new evidence brought forward by the latter Ваз not demolished 
the older theory; its greater signification remains. Paradoxical as it 
may seem, Poincaré puts it right when he says “this is right and the 
other is not wrong. They are in harmony ; only the language varies— 

eboth set forth certain true relations.” “Similarly the Theory of Quanta, 
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16:18 probable, will not prevent, the greater part, if not all, of physical 
phenomena, from being capable of representation by differential 
equations.” The progress hitherto made in, physical discoveries is the 
surest guarantee that this would be so, and the discoveries made by 
Poincaré in the Theory of differential equations as mentioned below 
will retain their essential value. 


“(5) The Theory of functions :—Fuchsians and Fuchsian groups. 
m About the middle of the last century mathematicians broke new 
ground i in endeavouring to determine the nature of the function defined 
by & differential equation from the equation itself and not from any 
analytical expression obtained by solving it. They at first studied the 
properties of the integrals in the vicinity of a given point and found 
that the nature of the integrals’ at singular points and that at ordinary? 
points differed. Fuchs gave the development in series near & singulara 
point of the integrals for the particular case of linear differential +, 
‘equations. Poincaré did’ the" same for the ‘case when thé equations. 
аге, 1 not linear ‘and | also ` for partial differential equations of “the 
first order. ‘The developments for | ordinary points were given by 
Cauchy and Madame Kowalevsky. Poincaré, by the introduction of 
“пеў transcendents, succeeded in expressing the integrals by developments 
‘which werd always convergent and not limited to particular points. Con- 
fining himself to’ linear’ differential equations with rational algebraic 
co-efficients, he was'able to integrate them ‘by the use of functions whith 
“were named by him Füchsians. He divided these equations into “families.” 
If the integral of such an équation be subjected to a certain trans- 
formation, the result will be the integral of an equation belonging to the 
‘game family. The new transcendents thus introduced have a great 
analogy to elliptic ‘functions; while’ the región of the latter may be 
divided into parallelogranis, each representing’ а group, the foriner may 
be' divided ` into curvilinear polygons, so that the knowledge of the 
function inside of one: polygon, carried with it the knowledge of it 
inside the others. : Thus,' Poincaré arrived аб what he called Fuchsian 
Groups, The extension to ‘non-linear. equations.of the method applied 
to linear equations was attempted Бобі Бу Fuchs and Poincaré. , ғ. 
Тһе" mode ‘of integration ‘which ' gives tlie properties of equations, 
from the point of view of the Theory ‘of functiona, was not found 
, sufficient i in the application of ‘differential ‘equations to applied mathe. 9" 
“tics. If we consider the ‘function as defining а plane curve, then the 
form of the curve could not be judged from the above procedure. 
Poincaré carried on investigations to construct the curves defined by 
differential equations. - ) е 
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We thus see that by the use of Fuchsian functions, Poincaré could 
solve differential equations, could express the co-ordinates of algebraic 
curves as Fuchsian functions of a parameter and could solve algebraic 
equations of any order. He utilized the Fuchsians in the theory of 
Avithmetic invariants which opened up immense possibilities for the 
development of the Theory of Numbers. The flash of his genius had 
illumined the bridge between the two viz., the theory of Groups of 
linear substitutions. Truly then, as his colleague M. Humbert of the 
Académie des Sciences said, “Poincaré handed us the keys of the world 
of algebra.” 


(c) Role of Intuition in Mathematical discoveries. 


In Мя most illuminating essay on Mathematical creation (Science 
and Method) Poincaré has let us see the inside of the workshop of a 
truly great mathematician and has disclosed a chapter of psychology 
which would repay a careful study by all who are anxious to do 
constractive work. Itis time, һе says, “to penetrate deeper and вее 
what goes on in the very soul of the mathematician. For this, I 
believe, І can do best by recalling memories of my own..,....” 


“For fifteen days I strove to prove that there could not be any 
functions like those І have since called Fuchsian functions. I was 
then very ignorant; every day I seated myself at my work table, 
stayed an hour or two, tried в great number of combinations and 
reached no results. One evening, contrary to my custom, І drank black 
coffee and could not sleep. Ideas rose in crowds; I felt them collide 
until pairs interlocked, so to speak, making a stable combination. 
By the next morning, І had established the existence of a class of 
Fuchsign functions, those which come from the hypergeometric series; 
І had only to write out the results, which took but a few hours.” 


“ Then I wanted to represent these functions by the quotient of two 
series; this idea was perfectly conscious and deliberate, the analogy 
with elliptic functions guided me. I asked myself what properties 
these series must have if they existed, and I succeeded without difficulty 
in forming the series I have called theta-Fuchsian.” 


“Just at this time I left Caen, where I was then living, to go on 
a geologic excursion under the auspices of the School of mines. The 
changes of travel made me forget my mathematical work. Having 
reached Contances, we entered an omnibns to go to some place or” 
other. At the moment when І put my foot on the step the idea came 
to me, without anything in my former thoughts seeming to have paved 
ethe way for it, that the transformations І had used to define tthe 
е 
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Fuchsian functions were identical with those ої non-Euclidean geometry. 
On my return to Caen, for conscience’ sake, I verified the result at my 
leisure.” “ 


“Then І turned my attention to the study ої some arithmetical 
questions apparently without much success and without a suspicion of 
any connection with my preceding researches. Disgusted with my 
failure, I went to spend a few days at the sea-side, and thought of 
something else. One morning, walking on the bluff, the idea came to 
me, with just the same characteristics of brevity, suddenness and 
immediate certainty, that the arithmetic transformations of indetermi- 
nate ternary quadratic forms were identical with those of non-Euclidean 
geometry.” 


“ Most striking at first is this appearance of sudden illumination, a 
manifest sign of long, unconscious prior work. The role of this 
unconscious work in Mathematical invention appears to me incontest- 
able, and traces of it would be found in other cases where it is less 
evident. Often when one works at a hard question, nothing good is 
accomplished at the first attack, Then one takes a reat, longer or 
shorter, and sits down anew to the work. During the first half-hour, 
as before, nothing is found, and then all of a sudden the decisive idea 
presents itself to the mind. It might be said that the conscious work 
has been more frnitful, because it has been interrupted and the rest has 
given back to the mind its force and freshness. But it is more probable 
that this rest has been filled out with unconscious work and that the 
result of this work has afterwards revealed itself to the geometer just 
as in the cases I have cited, only the revelation, instead of coming 
during a walk or a journey, has happened during a period of conscious 
work, but independently of this work which playa at most a role of 
excitant, as if it were the goad stimulating the results already reached 
during rest, but remaining unconscious to assume the conscions form." 


“Such are the realities; now for the thoughts they force upon us. 
The unconscious, or, as we say, the subliminal self playa an important 
role in Mathematical creation; this follows from what we have said. 
But usually the subliminal self is considered as purely automatic. 
Now Mathematical work is not simply mechanical ; it could not be done 
by a machine, however perfect. It is not merely a qnestion of apply- 
jng rules, of making the most combinations possible according to 
certain fixed laws. The combinations so obtained would be exceedingly 
numerous, useless and cumbersome. The true work of the inventor 
congists in choosing among these combinations so as to eliminate the 
useless ones or rather to avoid the trouble of making them, and the® 
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rules which must guide this choice are extremely fine and delicate. Tt 
із almost impossible to state them precisely; they are felt rather ‘than 
formulated. Under these conditions, how imagine a sieve capable of 
applying them mechanically ? " 


“ A first hypothesis now presents itself: the subliminal self is in no 
way inferior to the conscious self; it is not purely automatic ; it is 
capable of discernment; it has tact, delicacy; it knows how to choose, 
to divine. What do I say? It knows better how to divine than the 
conscious self, since it succeeds where that has failed. In a word, із 
not the subliminal self superior to the conscions self P” * * * 


“Tt may be surprising to see emotional sensibility invoked a propos 
of Mathematical demonstrations which, it would seem, can interest 
only the intellect. This would Бе to forget the feeling of Mathemati- 
cal beanty, of the harmony of numbers and forms, of Geometric 
elegance. This is a true esthetic feeling that all real mathematicians 
know, and surely it belongs to emotional sensibility.” 


“Коў, what are the Mathematic entities to which we attribute this 
character of beauty and elegance, and which are capable of developing 
in us a sort of esthetic emotion? They are those whose elements are 
harmoniously disposed so that the mind without effort can embrace 
their totality while realizing the details. This harmony ія at once а 
satisfaction of our esthetic needs and an nid to the mind, sustaining and 
guiding. And at the same time, in putting under our вуев'я well- 
ordered whole, it makes us foresee а Mathematical law. Now, ns we 
have said above, the only Mathematical facts worthy of fixing our 
attention and capable of being useful are those which can teach us а 
Mathematical law. So that we reach the following conclusion: The 
useful combinations are precisely the most beautiful, І mean those best 
able to charm this special sensibility that all Mathematicians know but 
of which the profane are so ignorant as often to be tempted, to smile 
at it.” 


* What happens then? Among the great numbers of combinations 
blindly formed by the subliminal self, almost all are without interest 
and without utility; but just for that reason they are also without 
effect upon the esthetic sensibility. Consciousness will never know 
them; only certain ones are harmonious, and, consequently, at once 
useful and beautiful. They will be capable of touching this special 
sensibility of the geometer of which I have just spoken, and which, 
once aroused, will call our attention to them, and thus give them 

% occasion to become conscious.” 
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To the Rosearch student the above is of incalculable value. It 
traces not only the genesis of n certain class of powerful functions, but 
shows also how they were extended to other regions. We ask, what is 
the mechanism of the extensions, how can we devise new formule Р how 
make new constructions ? Poincaré points out that the answer is to be 
found in Psychology. The possibility lies in the power of the mind— 
Poincaré calls Intuition. It is that power “which enables us to 
perceive the plan of the whole, to seize the unity in the matter at 
hand.” Those who possess the kind of insight which reveals hidden 
relations, may hope to become investigators. Too prolonged adherence 
to the methods of logio is likely to lead to sterility. In Mathematics 
at least both Intuition and Logic are indispensable, "опе furnishes the 
architect’s plan of the structure and the other bolts it and cements it 
together.” Intuition is the sole instrument of creation, logio of certi- 
tude. “Intuition is the direct appreciation of relationship between 
the objects of thought which unite them into a complete structure 
unitary in character and harmonions in form.” 


There are types of intuition. There is the Visualist type and we 
recollect of Faraday and his lines of force, of Kelvin and his models of 
Ether. “Bertrand and Hermite, although schoolmates and educated 
on the same method represented different types—the Visual and the 
Symbolic. Bertrand, when speaking, was always in motion trying to 
“paint his ideas." “Hermite seemed to flee the world, his ideas were 
not of the visible kind. Weierstrass thought in artificial symbols, 
. Riemann in pictures and Geometric constructions.” Poincaré combined 

in him three types—the Audile (he remembered sounds well), the 
Visual and the Symbolic." ; 


In addition to the Fuchsians and theta-Fuchsians, Poincaré made 
other notable contributions to the general Theory of Functions and the 
Theory of Groups. He studied and wrote on the properties of Abelian 
functions. Functions of Complex variable had been studied since 
Riemann by Weierstrass and Mittag-Leffler. Poincaré dealt with many 
interesting problems arising out of the work of the former. He first 
gave an example of a Fuchsian having an infinite number of singular 
points hut no singular lines and no tsolated singular point. Uniform 
functions of two variables unaltered by certain linear transformations 
were dealt with by him and he called them " Hyper-fuchsians.” On 
the lines of Weierstrass he studied functions uniform only in lacunary 
spaces and disclosed the mechanism of the generation of such functions. 
Remarkable was his proof that there was no means of generating them 
by which the lacuns could be avoided. Writing in Vol. XXII of thee 
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Acta Mathematicn on the now famous function ої Weierstrass (Vide 
Dr. Ganesh Prasad's Differential Calculus, pages 140-143), he showed 
how the exercise of the Visual type of intuition divorced from Logic 
might lead to error. True was his estimate of the role of the Theory 
of Functions when he said “by the discovery of this striking example 
Weierstrass has given us в useful reminder and has taught us better to 
appreciate the faultless and purely arithmetical methods with which 
he, more than any-one, has enriched our Science.” To Poincaré is due 
the general classification of Automorphic functions and the Theory of 
Elliptic Modular Functions, started by Бізепвіеіп'я Memoir in 1847, 
benefited by his contributions made since 1881. 


(The student curious to know Poincaré’s contributions on the 
Theory of functions might certainly turn to the Acta Mathematica 
usefully, to the Comptes Rendus, and to Liouville. The first, third, 
fourth and fifth volumes of the Acta contain his papers on Auto- 
morphic functions). 


Tehebycheif of the St. Petersburgh University had established on 
very elementary considerations in a celebrated memoir (1850) the 
existence of limits within which the sum of the logarithms of the 
primes, P, inferior to a given number X must be comprised. Poincaré’s 
papers with Sylvester’s and Hadamard’s are the latest researches in the 
line. 

In his celebrated Lectures delivered on April 22-28, 1909 at 
Gbttingen, Poincaré treated “а wide range of interesting subjects in a 
masterly and illuminating way.” The topics were 


(1) The Fredholm integral equations. 


(2) The application of the Theory of integral equations to fluid 
motions and to Hertzian Waves. 


(3) The reduction of Abelian integrals and the Theory of 
Fuchsian functions. 


(4) Transfinite numbers. 
(5) The New Mechanics. 


(1) and (2):--“ Struck by the fact that integral equations of a 
certain type occur very frequently in the linear problems of Mathe- 
matical physics, the Swedish Mathematical physicist, Ivar Fredholm 
undertook their study and his fundamental Memoir was published in 
1903 in Vol. XXVII of the Acta and dedicated to the Memory of Abel 
on the occasion of the Centenary of his birth. Hilbert in 1909, Koch in 

% 1910, Bateman and Hahn in 1911, Heywood and Frechet jointly in 
е . e 
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1912 have carried on researches on this new arrival in the province of 
Mathematics. Poincaré threw much light on the subject in his 
Göttingen lecture. (Those who are interested in Integral equations, may 
refer to Boecher’s Tract on the same in the Cambridge series, Dr. 
Ganesh Prasad’s Review of the Tract in the Bulletin to the Calcutta 
Mathematical Society (p.p. 158-154), and Professor E. Н. Moore's 
Vice-Presidential Address on the Foundations of the Theory of Linear 
Integral equations before the American Society for the Advancement 
of Science, 1911—reprinted in the Bulletin of the American Mathema- 
tical Society, Volume 18, р.р. 334-362. Some interesting facts are 
contained also in Professor G. B. Mathew’s Review of Professor 
Lalesco's and Frechet and Heywood’s books on Integral Equations, in 
Nature, July 18, 1912). 


(4). “The lecture on Transfinite numbers develops Poincaré’s 
attitude towards some of the subtleties in the controversial field of 
Mathematica brought into being by Georg Cantor. Poincaré concluded 
that the contradiction between Richard's proof that the Continuum 
was denumerable and Cantor’s proof that it was not so, was not a real 
one. And he passed on to point out how the demonstration that 
* every algebraic equation has a root" needed to be re-stated. 


(5). This was a popular lecture given in French, and Poincaré’s 
views are contained in the chapter on “the new Mechanics and Astro- 
пошу” in his work on “Science and Method.” 


The above is but a meagre account of the contributions of this 
great son of France to the progress of mathematics. Poincaré was 
modest when he said “My daily mathematical studies—how shall I 
express myself—are esoteric and many of my hearers would revere them 
more from afar than close to." By such modesty "he only makes us 
pardon his genius.” A competent authority has said “it would require 
» dozen years of preliminary mathematical study for the curious 
reader to be able to know them (Poincaré’s mathematical researches) 
and if he were familiar with the elements such as he would get in the 
ordinary college course he might take a glance at them.” But, to sum 
пр, we may say with Professor Shaw of the Illinois University that 
“the Fuchsian functions opened an immense field of investigation, 
Poincaré created a type of arithmetic invariants expressible as series 
er definite integrals, which opened a new field in the Theory of 
numbers. His investigations of ordinary differential equations which 
are not linear such ав those in dynamics and the problem of п bodies, 
cregted an extensive olass of new functions which are yet without 
special names, as well as suggesting the existence of classes of func-® 
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tions for which wo have ая yet, по means of expression. The investi- 
gations of Asymptotic Expansions opened paths to dizzy hoights (refers 
to Poincaré’s researches on the stability of our universe). Funda- 
mental functions io partial differential equations also open а region now 
under development. The most marvellous of his creations rise from 
the general field of differential equations. We might cito further his 
researches іп Analysis Situs—the realm of the invariants of 
a battered continuity. His double residues and studies in functions 
of many real variables are creations from which will spring е 
noble progeny. Even the lectures in which he presented the results 
of others scintillate with original thoughts" (Popular Science 
Monthly for March, 1913). 


It has been said that “the Modern Theory of functions is the 
stateliest of all the Pure creations of the human intellect." And none 
contributed more largely to the rearing of that noble structure than 
Poincaré. His notable characteristic was his power of generalization. 
As Klein has remarked, the great need of the day is the discovery and 
elaboration of some unifying principle in the different branches of 
mathematics. Poincarós genius was nowhere better employed than 
in this grand task. We have seen the display of this power in his 
discovery of the Fuchsians and Zetafuchsians and their application to 
such branches as the Theory of Numbers and the Theory of Curves. 
Не studied Continuous Groups and applied them to hyper-complex 
numbers and then applied the latter to the periods of Abelian integrals 
and the algebraic integration of differential equations of certain types. 
It is largely due бо him that the Theory of the Solution of systems of 
ап infinite number of linear equations with an infinite number of 
unknowns received an adequate treatment. To him we owe the establish- 
ment of definite criteria of convergence in reference to the infinite 
determinants employed by Hill with so much success in Astronomy. 
His endeavours knew no bounds. He applied the Kinetic Theory of 
gases and the Theory of radiant matter to the Milky Way itself, 
suggesting that our system was probably a speck in a spiral nebula. 
He analysed mathematically the rings of Saturn into в swarm of 
sattelites which the spectroscope confirmed; this reminds us of the 
analogous cases of the discovery of Neptune and Conical refraction, 
in which the power of Pure mathematica to help in discoveries was 
demonstrated. Thus in his life and work, we find a realization of 
Poincaré’s conception that "Mathematics has a triple end. It should 
furnish an instrument for the study of nature. Furthermore, it has 
a philosophic end and an end esthetic.” And Poincaré held that 

*mathematics deserves to be cultivated for its own sake and that the 
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theories not admitting of application to physics deserve to be studied 
as wéll as others. | 


Astronomical Work. 


Poincaré was undoubtedly one of the gueatest of Astronomers and 
he brought to bear on the solution of some of the outstanding problems 
of celestial mechanics, his incomparable powers of mathematical, 
analysis. In early life he won half the prize offered by King Oscar ТІ 
of Sweden for the solution of a question in reference to the problem of 
3 bodies. His paper was published in the Acta Mathematica in 1890. 

7 Itis an interesting fact, as pointed out in 1904, in the Bibliotheca 
Mathematica by Enestrom that the copy of the memoir for which the 
prize was actually awarded contained a serions error, and that the 
published article was really prepared for the preas after the prize had 
been awarded. . 


П 


Poincaré’s researches on the stability of our universe deservedly 
rank very high. This study had been the fundamental problem of 
Astronomy for ten centuries. What was to be the cumulative effect of the 
planetary disturbances through the ages P that was the grand problem 
to be solved. Was there or was there not the probability of a 
catastrophe P? Was the simple harmony of the world of Kepler no 
longer to be real? Newton’s mind was obviously disturbed by these 
thoughts when he wrote in his Optics regarding the planetary inequa- 
lities “they probably will become so great in the long course of time 
that finally the system will have to be put in order by its Creator.” 


Laplace believed in 1772 that he was able to demonstrate that these 
fears were groundless. He showed that the secular inequalities of the 
planetary elements compensated themselves periodically at the end of a 
sufficiently long period and the terms of the first order of perturbations 
would disappear in the calculations. He thus believed that he had 
practically established the stability of our Solar system at least for 
thousands of secular periods. 


Lagrange and Poisson extended the results of Laplace and the 
indefinite stability of the planetary elements seemed to be: beyond doubt, 
“God, as Newton feared, would not be obliged to retouch his work.” 


Poincaré now attacked with his mighty mathematical tools, the 
» problem of three bodies, As put popularly by a French writer “the 
problem could be solved only by the method of successive approxima- 
tions. In the equations of Laplace and his followers, the co-ordinates 
of, the planets were developed ina series whose terms were arranged 
in powers of the masses. Poincaré showed that he could not thi8 
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obtain an indefinite approximation and that the convergence of the 
series had been assumed without proof and it was probable that in the 
terms of the higher order, the time enters not only with the sine 
and cosine, which would lead to periodic compensations of the irregular- 
ities but also outside of the trigonometric functions, во that certain of the 
terms at first negligible, might possibly increase indefinitely with the 
time. Here with one blow Poincaré reduced to naught the conclusions 
‘of Laplace and his successors." | 


Poincaré was not content by being destructive only. His сопвфліс- 
tive genius soon led him te devise new means—a brilliant series of new 
theorems of great generality by which he could express in every case 
co-ordinates of the planets in a purely trigonometric series. “The 
rigorous proof of the stability now depended only on whether the new 
series would be convergent.’ This was the crux of the problem 
Mathematicians before him had supposed a trigonometric series 
to be absolutely convergent. It was the credit of Poincaré that 
he showed that this opinion, “though classic was erroneous" 
and that even when we have represented the co-ordinates by a 
convergent series which is not very different from that employed 
by Laplace, we shall not have demonstrated the stability of the 
Solar system. Poincaré applied even the Theory of Probabilities 
to show that the stability or instability of our universe has never 
been demonstrated but that “if probability ia measured by continuous 
functions only, the universe is most probably stable". Poincaré’s Les 
Methodes Nouvelles de la mecanique celeste, “the crowning of three 
centuries of incessant research” an admirer of Poincaré has said, will 
take its place by the side of the imperishable Principia of Newton. 
(The critical reader, however, may profitably read Hill's article on the 
Convergence of the Series used in the subject of perturbations in 
рр. 93—99 of Vol. П, 1896, of the Bulletin of the American Mathe- 
matical Society, in which Hill contests Poincaré's conclusions). 


' Next in importance to the problem of 3 bodies is the problem of the 
shape of a star which reduces itself to that ої я fluid mass rotating 
subject to various forces. Poincaré’s researches mark “an epoch in the 
study of the subject” as the late Sir George Darwin said when he 
handed over to Poincaré the gold medal of the Royal Astronomical 
Society of London. Formerly only two figures of equilibrium for, 
rotating fluids were known, vis. the Ellipsoid of revolution and Jacobi's 
Ellipsoid with three unequal axes. Poincaré tried to establish an infinite 
number of others which are stable and shaped like pears. These Apiodes 
Seem to have an important place in nature as shown by the study of 


Potnearé—His Та/е and Work. 47 


certain перців and double stars, which enables us to form some idea 
of the "mechanism of the bipartition, somewhat analogous to that of 
organie cells, which may have given birth to a great number of binary 
systems and which successively separated the earth from the Sun and 
then the Moon from the earth”. 


Poincaré showed that no form of equilibrium was stable when the 
velocity of rotation exceeded а certain limit. He applied this to the 
ring system of Saturn. Maxwell held that the rings could not be solid 
and if fluid, their density could not exceed 435ths of the density of 
Saturn. Poincaré proved that if the rings were fluid they could not be 
stable unless their density was greater than 4th of the density of 
Saturn. He concluded that the only alternative was to suppose that 
“they were formed of a multitude of small satellites, gravitating in- 
dependently. We know how “spectrum analysis has subsequently 
proved this marvellous deduction of this mathematical genius." 


Ая in the domain of mathematics, во also in that of celestial mecha- 
nics it is idle to endeavour to summarise the work of Poincaré within 
the compass of a short paper. As Professor H. H. Turner has said 
in his Address before the British Association in 1911, in reviewing 
Poincaré’s Theory des Marees (Tome ПІ of the Leçons de Mec. 
Celeste). 


“Everything that M. Poincaré writes is delightful and the only 
fault to be found is that there is no index, But after alla romance 
needs no index and there is much of the charms of romance іп these 
pages. Even the mathematical formulm have by some logical process 
lost their long tails of crabbed numbers (and my goodness! what 
numerical monstrosities the tides can produce) and dance and transform 
themselves like fairy things at the hands of the wizard writer,” 


Characteristic was Poincaré’s decision as expressed in this work 
about the practical suggestions (re-accounting numerically for the ocean 
tides) made by Mr. R. A. Harris of the U. 8. Coast Survey. Poincaré 
while thinking favourably of Harris’s central idea did not trust his 
deductions from experiments (one of which was shown to be wrong) and 
expressed his opinion that we could get closer to the facts by actual 
integration over the critical areas, The labour would be enormons, but 

dt could be faced and a suitable method was furnished by the discoveries 
of Fredholm, 


The student of celestial mechanics who is anxious to know and 
cofnpare the results obtained by other workers in the field, would do 
well to study Hill 'smasterly summing up of the progress of celestial 
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mechanics since the middle of the 19th century (pp. 125-136 of Volume 
П of the Bulletin of the American Mathematical Society, 1896). 
Professor Hill concludes by saying :— 


We owe much to M Poincaré for having commenced the attack on 
this class of questions (viz., 1. Periodic Solutions, 2. Asymptotic 
Solutions. 3. Development of the integrals of planetary motion 
according to the powors of a small parameter) but the mist which 
overhangs them is not altogether dispelled ; there is room for further 
investigation. 


Mathematical Physics. 


In early times the mathematician and the physicist were one and 
the same man but with the increasing complexity of both the sciences 
specialization became necessary and the Pure Mathematician became 
distinct from the Pure physicist, the separation becoming gradually 
most marked about the end of the 19th century. When once the utility 
of Bessel's functions in connection with applied mathematics was being 
discussed, a great Pure Mathematician who was present said “Yer, 
Bessel’s functions are very beantiful functions in spite of their having 
practical applications.” Educationists like Professor Perry have ques- 
tioned whether Pure Mathematics should be cultivated divorced from 
its physical applications. Dr. Hobson has shown in his Address in 
1912 to the Mathomatical and Physical Society of the University 
College, London (“Mathematics from the point of view of the Mathe- 
matician and of the Physicist’, Cambridge University Press—-Price 
1/s.), what the most rational answer to this much controverted question 
is and the writer would advise every student of mathematical physics 
a careful perusal ої this pamphlet. As Dr. Hobson rightly puts it, 
“Mathematics can in the long run be developed to the highest degree of 
perfection, not only from the point of view of specialists within ita own 
domain, but also as constituting an essential component of the intellec- 
tual life and stock of ideas of the world, only on the condition that it is 
allowed full freedom of self-expression. The utilitarian notion, in this 
connection as in во many others, has the fatal limitation that it attempts 
to assign limits to what is, or may in the future become, useful, in 
accordance with a more or less arbitrarily restricted standard of what 
constitutes utility.” 

Although Poincaré’s conquests lay mostly in the region of Pure 
thought, his restless activity found proper exercise in the field of 
mathematical physics. Onpillarity, Elasticity, Newtonian Potential, 
The analytical Theory of Heat, Thermodynamics, Diffraction and 
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dispersion of light, Eleotrio Oscillations, Maxwell's Electyo-magnetic 
Theory, Hertzian Waves, Lorentz’s Theory, Zeeman’s Experiments 
and the Theory of Relativity all had the benefit of his masterly 
treatment. 


Poincaré criticized Maxwell's Electro-magnetic Theory in Part I 
of his Electricité еб Optique and his criticisms have been reviewed in 
a friendly spirit in Nature, pages 296-299, of 1891 and pages 367-372, 
of 1892. And the somewhat drastic criticism levelled at Poincaré by 
the late Professor Fitzgerald (“Poincaré and Maxwell,” pages 532-533, 
Nature, 1892) bespeaks the attitude of the leading physicists of the 
time in the United Kingdom, towards the excursions of this great 
French mathematician in fields which they considered peculiarly their 
own, ` 

Poincaré’s work on Thermo-dynamics exposed him to the adverse 
criticisms of Р. G. Tait, an incomparable debater (Nature Vol. XV, for 
1891-92). In Taits Life and Work recently published by the 
Cambridge Press (pages 273-276) is given an account of this 
controversy. The impression is left that the great mathematician, in 
his. whole-hearted devotion to Analysis, forgot to attach due importance 
to the work of great experimenters and physicists and forgot to do 
honour even to his, illustrious countryman Sadi Carnot and Tait was 
perhaps justified in saying :— 

“Monsieur Poincaré not only ranks very high indeed among pure 
mathematicians but has done much excellent and singularly original 
work in applied mathematics. All the more, therefore, should he be 
warned to bear in mind the words of Shakespeare :— . 


“Oh, it is excellent to havea giant’s strength; Боб it ів tyrannous 
to use it like a giant.” 


Philosophy of Science. 


It has been well said that “ with the sudden death of Henri Poincaré 
came a great sadness to all lovers of idealism.” Speaking of his mathe. 
matical achievements Painlevé said “yet this was only part of his 
activity : Geodesy, Cosmogeny, Astronomy, Philosophy of Science, he 
included them all, penetrated all, explored all.” Unable to escape that 
“attraction which has forced all the great workers in the exact sciences 
"from Democritus to D'Alembert toward the end of their lives, to 
reflect upon the primordial mysteries of the strange universe wherein 
our ephemeral thonghts live and die,” Poincaré has given to the world, 
in ‘his Science and Hypothesis, Science and Method and Value of Science 
his thoughts on,the fundamental problems of science. These philo- 
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sophical writings of Poincaré have deeply impressed the thinking world 
and are probably the moat widely read of his productions. These have 
been translated into six different languages, and with the publication in 
1913 of Halsted’s translation into English of all the three works under 
the title of “the Foundations of Science” by the Science Press of New 
York, the necessity has ceased of an exposition in English of Poincaré’s 
main standpoints, regarding Number and Magnitude, Space, Force and, 
Nature. But в few extracts from Poincaré’s own preface to Halsted's 
Translation may not be out of place here. 


The contrast between the Anglo-Saxon spirit and Latin spirit 
in the study of Nature. 


“The Latins seek in general to put their thought in mathematical 
form ; the English prefer to express it by a material representation.” 


“Both doubtless rely only on experience for knowing the world ; 
when they happen to go beyond this, they consider their fore-knowledge 
ав only provisional, and they hasten to ask its definitive confirmation 
from nature herself.” 


“Por a Latin, truth can be expressed only by equations; it must obey 
laws simple, logical, пуа авала and fitted to satisfy minds ір love with 
mathematical elegance.” 

“The Anglo-Saxon to depict a phenomenon will first be A in 
making a model, and he will make it with common materiala, such as 
our crude, unaided senses show us them. He also makes a hypothesis ; 
che assumes implicitly that nature, in her finest elements, is the same as 
in the complicated aggregates which alone are within the reach of our 
вопяев. He concludes from the body to the atom.” 


«Both therefore make hypotheses, and this indeed is necessary, ginis 
no scientist has ever been able to get on without them. The essential, 
thing is never to make them unconsciously.” 


«From another point of view, however, the two conceptions are very 
unlike, and if all must be said, they are very unlike because of a common 
fault.” 

“Тһе English wish to make the world out of what we see. I mean 
whatwe see with the unaided eye, uot the microscope nor that still more 

‘subtile microscope—the human head guided by scientific induction.” " 

“The Latin wants to make it out of formulas, but these formulas are 

atill the quintessenced expression of what we see. In a word, both 


e would make the unknown out of the known, and their excuse ів that 
, there ів no way of doing otherwise.” 
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_ “And yet is this legitimate, if the unknown be simple and the known, 
the complex P" 


«Ів not each great advance accomplished precisely the day some one 
has discovered under the complex aggregate shown by our senses some- 
thing far more simple, not even resenfbling it, as when Newton replaced 
Kepler's three laws by the single law of gravitation, which was some- 
thing simpler, equivalent, yet unlike P" 

“One is justified in asking if we are not on the eve ої just such a 
revolution or one even more important. Matter seems on the point of 
losing its mass, its solidest attribute, and resolving itself into electrons. 
Mechanics must then give place to а broader conception which will 
explain it, but which it will not explain.” 

“So it was in vain the attempt was made in England to construct 
the ether by material models, or in France to apply to it the law of 
dynamic.” 

“The ether it is, the unknown, which explains matter, the known ; 
matter is incapable of explaining the ether.” | 


Death. 


Poincaré died on July 17,1912. In May of the same year he came 
to London and delivered a course of lectures before the University on 
(1) the Logic of the Infinite, (2) Time and Space, (3) Arithmetical 
invariants and (4) the Theory of Radiation (for an excellent Summary 
of these lectures, Nature of Мау 16, 1912 may be consulted). He was 
eagerly expected at the Congress of the World’s Mathematicians held at 
Cambridge in August, 1912. Keen was the disappointment when the 
news was received that this great mathematician was no more. біг 
George Darwin, President, spoke as follows :— 

А “Up-to a few weeks ago there was one man who alone of all 
mathematicians might have occupied the place which I hold without 
misgivings as to his fitness ; I mean Henri Poincaré. It was at Rome 
just four years ago that the firat dark shadow fell on us of that illness 
which has now terminated so fatally. You all remember the dismay 
which fell on us when the word passed from man to man “Poincaré 
is Ш.” We had hoped that we might again have heard from his mouth 
„80те such luminous address ав that which he gave at Rome; but it 
was not to be, and the loss of Francein his death affects the whole 
world.” 

e “It was in 1900 that, as president of the Royal Astronomical Society, 
I had the privilege of handing to Poincaré the medal of the Societys 
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and I then attempted to give an appreciation of his work on the theory 
of the tides, on the figures.of equilibrium of rotating fluid and on the 
problem of three bodies. Again in the preface to the third volume 
of my collected papers Ї ventured to describe him as my patron Saint 
as regards the papers contained in that volume. It brings vividly home 
to me how great a man he was when I reflect that to one incompetent 
to appreciate fully one-half of his work, yet he appears as a star of the 
first magnitude.” 


Professor E. B Elliot called Poincaré the Prince of Analysts. 
Bertrand Russell, that philosophic mathematician, praised his “com- 
prehensive knowledge, his trenchant wit and almost miraculous 
lucidity of his mathematical writings.” 

Thus died Henri Poincaré who represented “all that was the purest, 
the best andthe most disinterested, in the genius of France." And of 
his productions one may say, as has been said of the productions of a 
kindred soul “he who drinks at such fountains can never grow old, for 
the clear waters which flow therefrom are the true elixir of the human 
spirit.” 


On the Existence of the mean Differential 
Coefficent of a Continuous Function. 


By 


GANESH PRASAD, 


The object of the present note is first to point out a remarkable 
peculiarity of the well-known non-differentiable functions, and then to 
show how we can decide whether a continuous function f (2) exists for 
which the monn differential coefficient, wis. lim (207 CM) , jg 

=0 


non-existent for every value of т. 
со Р 
1. Letf(#)=S а, н. (а) represent апу of the well-known non- 
т 


differentiable functions including those given by Weierstrass, Darboux, 
Lerch,* Faber ** and Landsberg.*** Then it is easy to see (1) that 
if а, ів a minimum or maximum of ta, во is it also of &,,, whatever 
integral value p may have; (2) that, h being sufficiently small, 
ны» (аж ЕР) ча. (аА). 
Непов 
+) 7 (а) "gs the (Guth) s (ак 

2h ғ” 21 
and therefore the mean differential coefficient is existent for e—a,. It 
is obvious that {a,} is an everywhere dense aggregate. Thus it is 
proved that, corresponding to each of the well-known non-differentiable 
functions, there exists an everywhere dense aggregate of values of г for 
each of which the mean differential coefficient is existent. As an 





. example of such an aggregate, may be mentioned f = i corresponding 


оо 
to Weierstrass’s function z4 сов (18^ т є), M being any odd number 
1 


ргіше фо 13. 





* Рог the functions of Weierstrass, Darboux and Lerch, soe Dini-Luroth 
‘Grundlagen f. e. Theorie d, Functionen в. veranderlschen Grosse" (1892), pages 
« 228 and 229. 
*^' Simple example of a continuous and nowhere differentiable function” 
(In German), Jahresbericht d. d. Math.-Vereinigung, Bd. 16. (1007); also Mathematische 
Annalen, Bd. 66. (1909). 
е *** “Оп the differentiability of continuons functions” (In German), 
Jahresbericht d. d. Math.. Vereinigung, Ва, 17. (1908). : 
% . 
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2. The question naturally arises: Does there exist a continuous 
function which has no mean differential co-efficient for any value of 
2 ? Before deciding how this question can be solved, it must be clearly 
understood that, although the existence of the mean differential 
co-efficient follows from the ‘existence of the ordinary differential 
co-efficient, the converse is not true.* Thus it is not inconceivable that 
the answer to the question may be in the negative. However, the 
proper procedure for arriving at в decision, as to what the answer should 
be, is to examine carefully all the known non-differentiable functions 
with a view to determine whether they have the peculiarity mentioned 


in Art. 1, and if this be the case, to determine whether any modification 


(in any of the functions under examination) will result in giving a 
non-differentiable function which has no mean differential co-efficient 
anywhere. It should be noted that the examination, referred to above, 
is rendered possible by the fact that almost all the non-differentiable 
functions, including those recently given by Faber and Landsberg, may 
be regarded as particular cases of the general non-differentiable function 
first studied by Dini.t 

* As ів clear from the case of æ sin 1 which has the mean differential co-efficient 

e 

for 2=0 but not the ordinary differential co-efficient 

+ Annali di Matematica, Ber. 2,t.8.; also “Grundlagen”, ch.10. 


Review. 


Vectorial Mechanics. Ву L. Silberstein, Ph.D., (Berlin) (Macmillan 
& Co. Limited, London, 1913) viii + 197 pp. Price їв. 6d. net. 


Prof, Silberstein has done a great service tothe Mathematical world 
by contributing to the diffusion of the elegant, compact, inartificial and 
in most cases, simpler metliod of vectors. That the method of vectors 

« has not as yet gained for itself as many votaries ав it undoubtedly 
deserves is due in a large measure to the want of a sufficient number 
of English text-books on the subject. We must therefore welcome 
another book specially when, as its novel feature, it is solely devoted 
to applications to Mathematical Physics. 


The size of the book hardly indicates the wide range of subjects it 
deals with. Indeed, the author has remarkably succeeded in dealing in 
a very short compass with almost all the classical, fundamental and 
general conceptions in Natural Philosophy, thus clearly demonstrating 
the value of the use of vectors. The unique feature of the book which 
makes it specially valnable as а pocket-map to the Mathematical 
Physicist is the author's attempt at a rigorous and systematic exposi- 
tion, step by step, ої the General and Special Principles in Mechanics, 
and of all the principal results in Dynamics of Rigid and of Deformable 
Bodies and Hydrodynamics. 


The first chapter is meant for those uninitiated in Vector Algebra 
and Analysis. The author has. done well in not devoting too much 
space to them. The notation is that of Heaviside; it has obvious 
defects which of course would not be admitted by Heaviside and his 
followers. Heaviside’s notation goes on very well so long as one has 
“тоб to write; the letters S, T, U which Heaviside discards cannot but 
help the imagination. The scalar product has been defined ая A B cos 0 
with the false non-quaternionic results 19 —j* —k*-—-F1, and we are 
thus led to a non-aseociative Algebra сЁ appalling complexity and to 
an artificial inefficient пабів V. The author, after giving as much of 
Vector Algebra as is required forthe purposes of the book, passes on 
to the Differential and Integral. properties of Vectors, Here he considers 
‘certain Kinematical Problems in connection with differential properties, 
introduces line and surface integrals and discusses at length the 
conceptions of circulation, curl, divergence, Hamiltonian and other 
associated ideas. At this нінде, we find inaccuracies here and there 
For example, at p.33 he speaks of “у а, scalar, as the projection of a certain 

a 
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vector С upon the normal ть т.е. аз the normal Component of С : On", 
when he meant to speak of y as the scalar product of С and m. Again 
no attempt has been made at a rigorous proof of Stokes’ theorem. 


In the second chapter, the author rather hurriedly passes over the 
three General Principles of Mechanics viz. D'Alembert's Principle, 
Lagrange's Equations and Hamilton’s Principle, and im the third 
chapter, the three special Principles of Vis-Viva, Centre of Gravity 
and Áreas sre deduced from D'Alembert. The book as the author 
saya in the preface is intended not only for those well grounded in 
Dynamical Principles but also those who are acquainted with little 
more than D'Alembert's Principle. If the book is to be really apprecia- 
ted by readers of the latter description, a few more examples illustrating 
the Principles in these as well as in the succeeding chapters, without 
adding considerably to the volume of the book, seem to be essential. 


In the fourth chapter, the author passes on to a neat treatment of 
Rigid Dynamics, and it is interesting to note how beautifully Euler's 
Equations of motion, Motion a la Poinsot and motion of Rotation under 
Gravity have been adapted to vectorial treatment. When closing the 
algebra of Vectors in the first chapter, the author promised a treatment 
of symmetrical linear vector operators inthe chapter on Rigid Dyna- 
mics, but in the latter chapter, the author assumed the fundamental 
notions of such operators, with the consequence that the reader 
unacquainted with such operation might find himself at sea. 


The fifth chapter begins with a short exposition of the General or 
non-symmetrical linear vector operator and then follow in order strains, 
both finite and infinitesimal, surfaces of discontinuity, kinematics and 
kinetics of Deformable Bodies, and finally stresses. The author's 
treatment of this chapter and specially of Hadamard’s problem of 
discontinuous displacements presents novel features. 


The last viz., the sixth Chapter has come in for an interesting treat- 
ment of almost all the general propositions in fluid motion, which ів 
sufficient to convince the reader as to the superiority of Vector methods. 
The author begins with certain fundamental notions and equations and 
goes оп in- succession to Clebsch’s transformations and equations of 
irrotational motion, and finally almost all-the properties of vortex, 
motion ars proved. The author has stuck to the old equation v— Vd 
although high authorities have replaced it by the new опе v=— V. 


* The book ends with а number of problems and exercises, ande a 
useful list of Cartesian Equivalents for vector formule, 
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А regrottable feature which the reader cannot fail to notice is the 
large number of inaccuracies in historical references.  Tait's name 
is often missed, and the credit which is due to him is given to Gibbs 
or Heaviside. For example, at р. 93 the author attributes the discovery 
of the linear vector operator after Hamilton to Gibbs. This is hardly 
correct. Again, Gibbs and Heaviside are mentioned in connection with 
V, but there is not a word for Tait. 

On the whole, Dr. Silberstein’s is an admirable book, and it cannot 
but create in the Mathematical Physicist some enthusiasm for vector 
methods, 


MANMATHANATH RAY, 
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+ 10a y" 8' — 14a/B9y'8 | 72! a! By? 6 — да Ву dee” 
| S 
баз-аүбе ст + 
57/71 + 1008 'уд'е — 15463 8^убе | -баВ'убе + 5ба"Ру/ б'є 
=] Hiap yde — aptae ~ баВ уб'е +2та’Вуб"е 
забуде + Loa BS yde — заВеу?д'є - баВ'еудє8 + 42a’ Ву"бє 
+ aap ope + ба Вубе -124Вузубе| --бав'убе” + зба В'убе 
+ Заба бе + 12а'Вуд'е - аВудЗе + і8ар'ув'є + 70а/В'уб'є 
+ qum убе + Іва” Ву бе — gafly828'e -р48ав'у б'є + гоба/ B^y'8e 
+ 54 Вубе + 24а В'уде — баВубе? є + 24afl y бе + 70а/В'удє 
58/81 + 15a" Byóe + аВубе" + 18аВ'уб'е + г1а"Вубе” 
-а?Вубе |. +468 уб'є + 36afl^y* 8e + 42a" Bry8'e 
+ af*y8e - аВубеб” -бавуб'є Бізаб'убе | + 632'By'8e 
-авубе 59/91 + 4aB уд" є + зоаВ“уб'е + 84a* В'уде 
- аВуб'є і - даВув'е? + дзав'у дє + 35a" Bye 
- аБубез -азВубе - заву 83e + г0аф'"удє р 
завубе -2а5Вубе - заву без = 79" ВЗубе 7 ЗаВубе 0? 
завубе | зову | фзарубе | -табуибе  -завубеёе 
+ 3aB уб'є — да? В'убе + 15аВу’бе | - та/ВубЗе - 4а/уб «03 
+ даду ёе — 18аЗа' 8. бе | --15а уе - 79 Bye? - бағу бебз 
+ 8аВу б'є m af yè 4 1oaßy бе + 7а"Вубе - баб'убев 2 
+ баВу"бє ~ зав?суб'є -раоабу"б'є кала Вубе --749уб«03 
+ вав'убе” - Зар? у бе + іоаВу” бе 4-28a' By бе” 

















S1 
Ё, пааВгубед пі 
| 58/81 89/0! + авубев" %15а8у860 | | -ріда/вубе в 
—— ! ЗаВубе в + тоабоу"бев + 21a’ Вуб'єв 
+ абубев" — a8 Pryde + ЗаВубе'8 + бар'убед" + 28a’ Ву 80 
+ 2аВубе'9 — аВЗгубей + 4аВуб'в 0’ БізаВ'убе в | “қа В убе0 
*gaByNeÓ | -абуздед | скбавуб'єВ | +184880 | зката"Вубев 
+ 4аВу’деб - абубЗвд + баВуб'єв + 24af9 y бед 
+ заВ'убе8 ~ af-yBe*0 + 5a [y деб’ + і5ав'убев | - «Вудедф? 
+ ба'Вубед ~ аВуудей ? t 10a s'8e'0 + та! Вубев! 





врзавудевфу + (абубеві/ зафубав'ф + завубедф + даВуб p+ sag Seb 


9 
+ баф'убебф та Bieb) = + 


а 59 
Баву ст 
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(i), column 3, line 17, for 
(i), column 4, line 38, for 
(ii), column 5, line r5, for 
(ii), column 4, line 14, for 
(iii), column 2, line 4, for 
(iii), column 2, line 18, for 


ERRATA. 


+ тоба! read + 1059/4, 
«абу! read ~ а ВЗу*, 
~ 18020 В” read - 18a3o'B'*. 
~ забіу" read - та 399. 
+ 7a*!B read талі), 
— зав” read - даб'ўЗ, 


(iii), column 5, line 14, for --35аВууб read + 250/8уу 83. 
(iii), column 5, iine 34, for + 220888 уу read + 220388 7у. 


(v). column т, line 28, for + aB%y8e read ~ абЗубе. 


